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UNSTEADY TRANSONIC FLOW OVER SLENDER BODIES
Cevdet Aygun 
Old Dominion U n iv e rs i ty ,  1984 
D irec to r ,  Dr. Surendra N. T iwari
ABSTRACT
The unsteady transonic small d isturbance equation fo r  an 
o s c i l la t in g  slender body is obtained from the f u l l  po ten tia l equation in 
c y l in d r ic a l  coordinates by means o f  a pertu rba tion  ana lys is . The t ime- 
dependent body-boundary condition is  reduced in to  a simpler form by 
matching the outer and inner f lows. A lso, a time-dependent pressure 
c o e f f ic ie n t  over the slender body is  derived by means of a matching 
p r in c ip le .  The s im p l i f ie d  form o f the body-boundary condition is  
incorporated in to  the d iffe rence equations a t  the body ax is . This 
a p p l ic a t io n  allows use of the c y l in d r ic a l  coordinate system fo r  the 
problem. By prescrib ing several d i f f e r e n t  body-boundary cond it ions , 
various modes o f body motion re la t iv e  to the freestream v e lo c ity  can be 
obtained. For the case of ax ia l o s c i l la to ry  motion, a modified form o f 
the a l te rn a t in g  d ire c t io n  im p l i c i t  technique is  applied in order to 
solve the re s u lt in g  equations.
Ca lcu la tions of the time-dependent surface pressure d is t r ib u t io n s  
and embedded subsonic or supersonic regions are performed fo r  d i f f e r e n t  
Mach numbers in  the transonic range while  keeping ce rta in  physical
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
parameters o f the flow (such as thickness r a t io ,  o s c i l la t io n  amplitude 
and reduced frequency) constant. Since no transonic unsteady surface 
pressure and embedded subsonic or supersonic region measurements are 
reported in the l i t e r a tu r e ,  resu lts  are compared only w ith  the re la ted  
steady-sta te  surface pressures and embedded subsonic or supersonic 
reg ions. A per iod ic  f lu c tu a t io n  pattern of the surface pressures and 
embedded subsonic or supersonic regions is  observed in sequentia l ly  
computed re su lts  as would be expected from a time marching o s c i l la to ry  
problem.
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The d i f f i c u l t y  in ca lcu la t ing  unsteady transonic flow stems from 
the presence of the moving shocks and the re s u lt in g  large v e lo c i ty  
g rad ien ts . This necessitates the consideration o f  a nonlinear
fo rm u la tion . Also, the flow is  mixed in the sense tha t both subsonic
and supersonic regions e x is t  and in adjacent regions in  the flow f ie ld  
the governing d i f f e r e n t ia l  equations may have d is t i n c t l y  d i f f e r e n t  
cha rac te rs .
At the very low reduced frequency (k ) ,  the unsteady flow pattern 
over the a i r c r a f t  or m iss i le  body c lose ly  resembles tha t o f the steady 
f low . At the other extreme, when the frequency of o s c i l la t io n s  is  very
high, local pressures only depend upon the local motion [ 1 ] * .
When the frequency is  increased from a very low value, unsteady 
e f fe c ts  appear e a r l ie r  a t  Mach number un ity  than a t  any other Mach 
number. A lso, a t  transonic speeds n o n l in e a r i t ie s  in the lower frequency 
range are important.
As the frequency is  increased fu r th e r ,  the unsteady e f fe c ts  s ta r t  
to dominate and e f fe c ts  of the non linear terms become small. On the 
other hand, i f  the Mach number is  varied while keeping the reduced 
frequency constant, the unsteady e f fe c ts  and n o n l in e a r i t ie s  become more
* The numbers in brackets ind ica te  references
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important close to Mach number un ity  than elsewhere. This s i tu a t io n  is  
a r e s u l t  o f the physical s truc tu re  of the flow f i e l d .  Only a t  Mach
numbers close to un ity  are there shock waves or other strong pressures 
gradients on the body surface. I t  can be concluded tha t the low 
frequency flows are phys ica l ly  more in te re s t in g  because in th is  case 
n o n l in e a r i ty  is  dominant and so lu tions to the problem can be sought only 
by means o f the computing too ls .
1.1 Current Status of the Unsteady Transonic Flow
P r io r  to the development o f  e le c tro n ic  computers very few 
computations o f p ra c t ica l transonic f low f ie ld s  were made. Hand
re laxa t ion  techniques were used to compute the s u p e rc r i t ic a l  transonic 
flow over a n o n l i f t in g  symmetrical a i r f o i l  by Emmons [ 2 ] .  D i f f i c u l t i e s  
were encountered p r im a r i ly  due to the inherent n o n l in e a r i ty  o f the 
equation governing the transonic f low . Hodograph method was also used 
to ca lcu la te  the transonic flow over very simple shapes, but th is  method
was l im i te d  to simple geometries and i t  was not very useful fo r
axisymmetric flows [3 ] .
In 1959, Spre ite r and Alksne [4] published th e i r  local l inea r ized  
theory fo r  so lu tion  o f the transonic flow over a slender body which 
assumed th a t  there is  a smooth t ra n s i t io n  from supersonic to subsonic 
f low along the body surface. However, computer resu lts  as well as 
experimental data, la te r  showed tha t there is  an evidence o f the 
embedded shocks on the body surface.
The work in unsteady transonic aerodynamics concentrated on 
extensions of l inea r ized  theory u n t i l  the 1970's. Among these the work 
o f Landahl about the treatment of o s c i l la t in g  transonic flow around
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slender wing-body combinations is  important [ 5 ] .  Landahl showed tha t ,  
under ce rta in  cond it ions (such as high frequency o s c i l la t io n s  and low 
aspect ra t io s )  l in e a r ize d  equations are v a l id  fo r  t re a t in g  unsteady flow 
f ie l d  around slender con f ig u ra t ions .  B a s ica l ly ,  th is  method is  an 
extension of the i t e r a t iv e  method o f Adams and Sears [6 ] ,
The f i r s t  successful so lu t ion  fo r  a two dimensional non linear 
unsteady transonic flow f ie ld  w ith  embedded shock waves was published by 
Magnus and Yoshihara in  1970 [ 7 ] .  The equations o f unsteady
compressible f low were in tegra ted  forward in  time asym pto tica l ly  to 
approach a steady s ta te . Although the re s u lts  were promising, 
computations were lengthy and required about two hours on a CDC 6400 
computer.
A method requ ir ing  about an order of magnitude less computer time 
was subsequently introduced by Murman and Cole [ 8 ] ,  In th is  method, a 
f in i te - d i f f e r e n c e  re laxa tion  procedure was developed fo r  the so lu tion  of 
the steady transonic f low equations. Type-dependent f in i te -d i f fe re n c e  
opera tors , which account fo r  the d i f f e r e n t  behavior o f subsonic and 
supersonic flow were applied to solve the transonic small disturbance 
equati on.
Ba iley [9 ]  and Krupp and Murman [10] computed the flow f ie l d  around 
slender bodies of revo lu t ion  by using a re laxa t ion  technique fo r  the 
steady transonic small d isturbance po ten t ia l equation. These two 
methods d i f fe re d  mainly in the treatment of the boundary condit ions a t  
i n f i n i t y .  Bailey used a simple coordinate transformation to map the 
unbounded rad ia l coordinate in to  a bounded computational coordinate, and 
Krupp and Murman used an asymptotic so lu tion fo r  the f a r - f i e l d  po ten tia l 
a t  a f i n i t e  rad ia l distance from the body.
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In 1973, South and Jameson [11] introduced a f in i te - d i f fe r e n c e  
method using a re laxa tion  technique fo r  numerical so lu tion  of the f u l l  
po ten t ia l equation and exact boundary cond it ions fo r  general 
axisymmetric bodies in in v is c id  steady transonic f low . In th is  work, a 
body-oriented coordinate system was employed and an improved f i n i t e -  
d if fe rence  scheme was used. The scheme does not requ ire  tha t the flow  
be aligned w ith  the x -d ire c t io n  in supersonic regions. I t  t rea ts  
supersonic points using ro ta ted  type-dependent f i n i t e  d i f fe rence  
operators.
In unsteady transonic aerodynamics, work has proceeded along two 
d i s t i n c t  l in e s ,  both of which are extensions o f the method of Murman and 
Cole. These are c la s s i f ie d  as harmonic ana lys is methods [12,13] and 
non linear t im e - in te g ra t io n  methods [14 ,15 ] .  The harmonic ana lys is  
methods assume the unsteady flow f i e l d  to be a l in e a r  harmonic 
pe r tu rba tion  about a mean steady s ta te .  The re s u lt in g  l in e a r  unsteady 
equation may be solved by re la x a t io n .  In order to consider the 
unsteadiness to be a l in e a r  pertu rba tion  about a mean steady s ta te , the 
amplitude o f  the motion must be s u f f i c ie n t l y  small so th a t  no 
s ig n i f ic a n t  shock motion re s u l ts  ( i . e . ,  shock motions are constrained to 
be small motions about the steady lo c a t io n s ) .  For shock motions w ith 
la rge r  amplitudes, th is  assumption w i l l  be a dangerous one to make as a 
p r io r i  since the nonlinear e f fe c ts  of such motions w i l l  be missing. In 
the non linear t im e - in te g ra t io n  methods, motion of shock waves can be 
accura te ly  predicted since a time-dependent nonlinear equation is  
solved. Addit iona l advantages of the t im e - in te g ra t io n  methods are the 
a b i l i t y  to handle general unsteady (ra the r than the sinuso ida l) motion, 
and the incorpora tion  of nonlinear e f fe c ts  of f i n i t e  motion amplitude.
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The work o f Hsieh [16] employed the harmonic ana lys is  method to
ca lcu la te  the unsteady transonic flow over b lun t and pointed bodies of
re v o lu t io n .  Calcu la tions were performed fo r  d i f f e r e n t  geometries 
undergoing p u ls a t i le  and p i tch ing  o s c i l la t io n s .  Since the o s c i l la to ry  
motion was considered to be a small pertu rba tion  of the nonlinear steady 
flow , the so lu t ions  are re s t r ic te d  to in f in i t e s im a l ly  small o s c i l la t io n  
amplitudes. The numerical procedure used in th is  work is  an extension 
of the method of reference [11] to unsteady f low .
Two d i f f e r e n t  categories o f techniques are used widely to solve the 
steady and unsteady nonlinear po ten t ia l equations. The category of the 
successive l in e  overre laxation (SLOR) technique [17] is  genera lly  used 
fo r  the s o lu t ion  of the steady equations. The a l te rn a t in g  d ire c t io n  
im p l i c i t  technique (ADI) is  i n i t i a l l y  applied fo r  the so lu tion  of 
unsteady transonic equation [1 5 ] ,  but i t s  app lica t io n  is  la te r  extended 
to the so lu t ions  of steady transonic equation [18 ].
Although the SLOR technique is  very r e l ia b le  and well es tab lished, 
in he ren t ly  i t  has a very slow convergence ra te ,  and convergence to a 
f in a l  s o lu t ion  takes a r e la t iv e ly  long computer time. As a re s u l t  the 
cost o f using th is  technique is  high. On the other hand, the ADI 
technique is  n o n ite ra t ive  and when i t  is  applied to unsteady equations
so lu tions  are d i re c t ly  obtained fo r  each time step, a f te r  the necessary
sweeps. For the present study, a modified form of the ADI technique is  
applied to ca lcu la te  the unsteady transonic f low over an o s c i l la t in g  
slender body.
1.2 J u s t i f ic a t io n  fo r  the Present Work
At the transonic speeds, the behavior of the flow is  a decisive
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fa c to r  in determining the performance of an a i r c r a f t  or a m iss i le .  To 
gain an understanding o f the flow and have the capacity fo r  p red ic t ing  
i t s  behavior is  very important from a p rac t ica l v iewpoint. Simulating 
the f l i g h t  o f an a i r c r a f t  or m iss ile  in the wind tunnel is  an expensive 
and d i f f i c u l t  task. Furthermore, fo r  transonic flows such tes t ing  is  
subject to much greater unce rta in t ies  (such as wind tunnel wall 
in te rfe rence  and support e f fe c ts )  than e i th e r  subsonic or supersonic 
te s t in g .  Also during the simulation of free f l i g h t s  in transonic wind 
tunnels, the existence of ce rta in  r ig id  body motions ( inc lud ing  ax ia l 
o s c i l la t io n s )  is  detected.
In order to simulate a l l  these modes o f the f l i g h t ,  complex 
arrangements of hydrau lic  servos are required. However, some simple 
modes of the transonic f l i g h t  such as ax ia l o s c i l la t io n s  can be 
simulated more e f f i c ie n t l y  by constructing an appropria te mathematical 
model and seeking a numerical s o lu t ion .  An a i r c r a f t  in horizonta l 
f l i g h t  can be idea lized  by assuming the external forces acting upon the 
a i r c r a f t  form a conservative system. As demonstrated by Durand [19 ],  
the center of g ra v ity  of such an a i r c r a f t  o s c i l la te s  back and fo r th  
s in u so id a lly  about a v e r t ic a l  l in e  which trave ls  w ith  the mean speed 
Vc . The flow f ie ld  around the a i r c r a f t  can be approximately ca lcula ted 
by assuming i t  as a slender body a x ia l ly  o s c i l la t in g  in a uniform 
flow . Therefore, computation of time dependent surface pressure 
d is t r ib u t io n s  and embedded subsonic or supersonic regions fo r  an 
equ iva lent mathematical model w i l l  provide a useful in s ig h t  during the 
pre lim inary  design stages. Also, the numerical computation of the axia l 
o s c i l la t io n  motions w ith  f i n i t e  amplitudes serves as a useful te s t  fo r  
the a l te rn a t in g  d i re c t io n  im p l i c i t  technique. I t  should be noted tha t
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because of th e ir  basic theo re t ica l l im i ta t io n s  time l inea r ized  methods 
are unable to handle o s c i l la to ry  motions of f i n i t e  amplitudes. I t  is  
an t ic ip a te d  tha t th is  research w i l l  provide s ig n i f ic a n t  c o n tr ibu t ion  to 
the understanding of the unsteady transonic aerodynamics of slender 
bodies.
Basic theo re t ica l formulation o f the problem is  given in Chap. 2, 
the numerical procedures used are presented in  Chap. 3, and s p e c i f ic  
re s u l ts  are discussed in Chap. 4. The d e ta i ls  o f the computer program
developed fo r  th is  research are given in the Appendices.




In th is  chapter the th e o re t ic a l fo rm ula tion  o f  the unsteady 
transonic  flow over slender bodies is  presented. The basic d iscussion 
on the transonic flow is  in troduced. E ffec ts  of assuming i r r o ta t io n a l  
flow are stud ied. The unsteady f u l l  po ten t ia l equation and the re la ted  
boundary conditions are derived and these are reduced to simpler forms 
by means o f  the pertu rba tion  a na lys is .  F in a l ly ,  the ax ia l o s c i l l a t io n  
motion is  spec if ied  as an e x p l i c i t  mathematical equation.
2.1 Basic Discussion on Transonic Flow
I t  is  an t ic ipa ted  th a t  fue l e f f ic ie n c y  o f c i v i l i a n  tran spo rt  
a i r c r a f t  w i l l  improve by f i f t y  percent in the next decade. S im ila r  
advances are also necessary in  the transonic performance of m i l i t a r y  
a i r c r a f t .  These large gains w i l l  mostly come from improvements in  
veh ic le  aerodynamic e f f ic ie n c y .  Part o f the improvement in aerodynamic 
e f f ic ie n c y  w i l l  re s u l t  from f l i g h t s  a t  optimum Mach number w ith  lower 
drag to l i f t  r a t io .  The optimum value of f l i g h t  Mach number is  obtained 
before the onset of embedded supersonic regions fo llowed by rap id  r is e  
in  the drag c o e f f ic ie n t .  Because of th is  s i tu a t io n  ca lc u la t io n  o f 
transonic  f lows, espec ia l ly  in the range smaller than Mach number un ity  
gains a p ra c t ica l importance.
A flow is  ca lled  transonic i f  both subsonic and supersonic regions 
are present in the f lo w f ie ld .  I f  the freestream Mach number is
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increased continuously from purely subsonic values to purely supersonic 
values, the transonic range begins when the highest local Mach number 
reaches un ity  and ends when the lowest local Mach number reaches un ity .
At present, there is  a great deal o f e f f o r t  being spent by 
aerodynamicists in c a lc u la t in g  in v is c id  transonic flows w ith  shock 
waves. These ca lcu la t ion  methods are probably one of the most widely 
used too ls  in  computational aerodynamic design. At the high Reynolds 
numbers tha t  characterize  p ra c t ic a l f low s, most of the f lo w f ie ld  is  
e s s e n t ia l ly  in v is c id ,  viscous e f fe c ts  being confined to r e la t iv e ly  th in  
layers even when there is  separation. Thus, r e l ia b le  ca lcu la t ion  of 
in v is c id  f low would be p re requ is ite  even i f  the ob jec t ive  is  to solve 
the Navier-Stokes equations. When there is  no large scale separation 
transon ic  in v is c id  f low ca lcu la t ions  can c o r re c t ly  represent the flow
f ie ld  around the aerodynamic body.
There are mainly two d i f f e r e n t  p o s s ib i l i t ie s  fo r  working in the 
f i e l d  of in v is c id  transonic  f lows. These p o s s ib i l i t ie s  are the
p o te n t ia l  f low equation and the Euler equations. The choice between the 
po te n t ia l f low equation and the Euler equations is  an important
dec is ion . The Euler equations in p r in c ip le  admit accurate so lu tions fo r  
ro ta t io n a l  flows w ith  shock waves whatever th e ir  s trength are, but
instead o f having one non-l inear p a r t ia l  d i f f e r e n t ia l  equation to solve, 
there are in general, f iv e ,  which greatly  increases the computational
e f f o r t .  Even when e f f i c i e n t  im p l ic i t  methods are used fo r  the Euler
equations they are s t i l l  p ro h ib i t iv e ly  expensive on e x is t in g
computers. Furthermore, the actual achievement in accuracy a t  present 
f a l l s  fa r  short o f tha t which is  obtainable in  p r in c ip le .
On the other hand experience has shown th a t  ra ther accurate
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ca lcu la t io n s  can be made fo r  many flows using the transonic po ten t ia l 
flow equation which may be derived from the equation of co n t in u ity  fo r  
in v is c id  compressible f low by in troduc ing  the assumption tha t the flow 
is  i r r o t a t i o n a l .
A comparison of execution times in terms o f centra l processor u n i t  
time on a CRAY-I computer is  shown in  Table 2.1 fo r  so lv ing Navier- 
Stokes equations, Euler equations, and po ten t ia l flow equation w ith 
boundary layer correction using the same gr id  and two dimensional steady 
form [20 ] .
In the case of unsteady f low s, use of the small disturbance 
assumption together w ith  the po ten t ia l flow equation allows one to 
employ a s ta tionary  coordinate system which is  a great s im p l i f ic a t io n .
I f  the f u l l  po ten tia l equation is  used then a time-dependent body-
or ien ted coordinate system is  required and the a p p l ica t io n  o f such a 
system w i l l  g reatly  complicate the so lu tion  o f  governing equations.
Consequently, the unsteady transonic  small disturbance equation is  
chosen fo r  modeling the physical problem in th is  work.
2.2 In te rp re ta t io n  o f I r r o t a t i o n a l i t y
In th is  section e f fe c ts  o f assuming i r r o ta t io n a l  f low are
discussed. Hence, de r iva t ion  o f a re la t io n s h ip  between i r r o t a t i o n a l i t y  
and isentropy is  useful fo r  th is  purpose.
For most aerodynamic problems the e f fe c ts  o f  heat conduction as 
well as v is c o s ity  can be neglected. Furthermore, the heat a d d it io n ,  
except in  problems invo lv ing  combustion, is  e i th e r  zero or very small.
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Table 2.1 Comparison of execution times in  terms 
of centra l processor u n i t  time
Equations Execution time (seconds)
Navier-Stokes 600
Euler ( im p l i c i t ) 120
Po ten tia l f low w ith  boundary 5
layer co rrec tion
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Under these conditions the f lu id  behaves very much l ik e  a perfec t gas. 
For such f l u i d  flows w ithou t externa l fo rces , the conservation of 
momentum equation is
DV 1
ttt = '  -  Vp (2.1)Dt p
which is  also ca lled the Eu ler 's  equation. The parameters p and p 
denote density and pressure and V is  the v e lo c i ty  vector. Equation 
(2.1) can be arranged in to  the fo l low ing  form:
->■ 2
av v ■+ -*• l
—  + v(— ) -  Vx(vxV) = -  -  Vp (2.2)
a t 2 p
Since there w i l l  be no d is s ip a t io n ,  f l u i d  f low can be assumed as a 
reve rs ib le  process and a combination o f the f i r s t  and second laws of 
thermodynamics is  given as
T ds = dh -  -  dp (2.3)
P
where s and h denotes s p e c i f ic  entropy and s p e c i f ic  enthalpy. I f  the
d i f f e r e n t ia l s  are changed w ith  grad ien t operator, the fo llow ing  form is 
obtained.
TVs = Vh - -  Vp (2.4)
P
Considering upstream i n f i n i t y  cond it ions to be uniform and energy is  
conserved, d e f in i t io n  o f to ta l  entalphy can be introduced as
K  = h + i  V2 (2.5)o 2
Applying the grad ient operator to both sides of th is  equation and 
s u b s t i tu t in g  i t  in to  Eq. (2.2) gives
5V ■+ ■*
—  -  V x (vxV) + Vh = TVs (2.5)
dt o
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which is  known as the Crocco's theorem.
For steady flow hQ becomes a constant along a s treamline. 
In troducing the d e f in i t io n  of v o r t i c i t y
V x ? = Z (2.7)
the Crocco's theorem is  expressed as
-  V x Z  = TVs (2.8)
From Eq. (2.8) the fo l low ing  conclusions can be drawn fo r  steady 
f low s. F i r s t ,  i f  s is  not constant so th a t  the f lo w f ie ld  is  
non isen trop ic  then a> cannot vanish and the f low  f ie l d  cannot be 
i r r o t a t i o n a l . Second, i f  w is  zero and po ten t ia l flow re s u l ts ,  then the 
flow is  necessarily  is e n tro p ic .  Th ird , since the term V x u i s  
perpendicu lar to the flow d i re c t io n ,  i t  fo llows tha t Vs must be also 
perpendicu lar to the f low . Consequently, fo r  a steady flow entropy is  
also constant along the streamline. The exception is  a d is c o n t in u ity  of 
the strong shock wave. When tha t occurs, the entropy also changes 
d iscon t inu ous ly . Otherwise, along each streamline the flow is  
is e n tro p ic  and along each streamline p /p Y is  equal to a constant 
although the constant need not be the same fo r  d i f f e r e n t  s treamlines. 
However, since most of the aerodynamics problems have uniform upstream 
i n f i n i t y  cond it ions, i t  fo l low s tha t the compressible steady flow is  
is e n tro p ic  everywhere and possesses a v e lo c ity  p o te n t ia l .
Unfortunate ly , Crocco's theorem does not apply to unsteady flows in  
the way explained above. The reason is  tha t  hQ does not become constant 
along streamlines and the unsteady term does not vanish.
Consequently, in order to study the e f fe c ts  of i r r o t a t i o n a l i t y  of
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unsteady f low , a re la t io n s h ip  is  derived in the fo llow ing way. Taking 
the cur l o f both sides of Eq. (2.2) and using the to ta l  d e r iva t ive  
d e f in i t io n  together with fo l low ing  vector id e n t i t ie s
v * ( | ) = I t <T x h
, V 2 ,VxV (I-) = 0
V x  ( V x u )  =  ( t o - V )  V -  to ( V * V )  -  ( V * V )  to +  V ( V * w )
W  x  V =  0
gives
D co ■ > - > ■ > - >  1
—  =  ( t o - V )  V -  to ( V * V )  -  V x  ( -  V p )  (2.9)
Dt p
Also, taking the curl of both sides of Eq. (2,4) and using the vector 
id e n t i  ty
Vx (TVs) = T(VxVs) + VTxVs
re s u lts  in
Vx ( -  I vp) = VTxVs (2.10)
By s u b s t i tu t in g  Equation (2.10) in to  Eq. (2 .9) another form o f Eq. (2.9) 
is  obtained as
-¥■
Dto
—  =  ( t o * V )  V -  to { V - V )  +  V T x V s  (2.11)
I f  p is  a function of p on ly , then the la s t  term to the r ig h t  of
Eq. (2.9) can be w r i t te n  as the curl o f  the grad ient o f a scalar
func t ion  and is  thus zero. I f  s is  constant, then the la s t  term of Eq.
(2.11) is  zero because o f Vs = 0 . Both conditions are s a t is f ie d  i f  the
gas is  is e n tro p ic ,  i . e . ,  the gas has the same entropy everywhere. Then
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fo r  the motion o f a pe r fec t gas, the rate of change of the v o r t i c i t y  o f
a f lu i d  element is  composed of the f i r s t  two terms to the r ig h t  of Eq.
(2.9) or (2 .11). I f  u> is  zero fo r  one in s ta n t  a t  every p o in t  of the
f lo w f ie ld ,  then = 0 . Therefore, the v o r t i c i t y  a t  every p o in t  of the
f ie ld  w i l l  remain zero. Such flows are ca l led  i r r o ta t io n a l  f lows. On
the other hand, i f  the flow is  not is e n tro p ic ,  i . e . ,  the f l u i d  has
d i f f e r e n t  entropy a t  d i f f e r e n t  po ints o f the f i e l d ,  then even i f  the
v o r t i c i t y  is  zero everywhere a t  one time in s ta n t ,  the la s t  term to the
r ig h t  o f Eq. (2.11) w i l l  cause the v o r t i c i t y  to be d i f fe r e n t  from zero 
in  the next in s ta n t .  Therefore, non isentropic flows can not be 
i r r o ta t i o n a l .  Thus, the in trodu c t ion  o f a po ten t ia l im plies the 
assumption o f isen trop ic  f low .
On the other hand, the po ten t ia l f low equation can not exactly
model strong shock waves, through which entropy is  produced. However,
as long as the Mach number of the normal component of the flow upstream 
o f the shock wave is  less than about 1.2, shock waves are qu ite  weak and 
entropy changes across the shock waves can be ignored. In F ig. 2 .1 , the 
pressure o f the isen trop ic  jump is  compared w ith  the pressure obtained 
from the Rankine-Hugoniot re la t io n s h ip  representing physical shocks 
[2 1 ] .  I t  can be seen tha t the ise n tro p ic  approximation is  s u f f i c ie n t l y  
accurate i f  the Mach number of the normal component of the flow upstream 
o f  the shock wave is  less than 1.2. Stronger shock waves tend to 
separate the f low , w ith  the r e s u l t  th a t  the in v is c id  approximation is  no 
longer adequate. Thus, modeling the physical f low with the po ten t ia l
equation is  well balanced and i t  has proved very useful fo r  estimating
the flow f ie l d  around aerodynamic bodies.
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ST Stagnation value
M.| Mach number upstream o f  the shock
—  Rankine-Hugoniot re la t io n s h ip
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Fig. 2.1 Comparison o f  the pressure fo r  the Rankine-Hugoniot 
shock and the is e n tro p ic  jump.
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2.3 Physical Problem and Coordinate System 
The sketch of the basic physical problem and coordinate system 
together w ith  the basic physical parameters o f the phenomena is  shown in 
F ig . 2 .2 .  A slender body o f revo lu tion  is  placed in a subsonic or 
supersonic stream a t  zero incidence. Unsteadiness is  imposed upon the 
flow by a llow ing the body to perform an ax ia l o s c i l la t io n  motion w ith  
ce r ta in  c y l ic  frequency and o s c i l la t io n  amplitude. Let the equation of 
time-dependent surface of a body of revo lu t ion  performing the motion be 
denoted by
F ( r , t )  = r  -  t R ( x , t )  = 0 (2.12)
so tha t r  is  the pos it ion  vector in the c y l in d r ic a l  coordinate system 
and i  is  the small parameter measuring the re la t iv e  thickness of a 
fam ily  o f bodies whose time-dependent radius shape function 
is  R ( x , t )  . In other words, parameter % is  defined as the ra t io  of the 
maximum physical diameter o f  the body to the body length. This is  
wri t ten  as
2r
["flcl X  / r\ 1 «■) \T = — J—  (2.13)
I f  the freestream Mach number is  increased continuously from purely 
subsonic values to purely supersonic values, the transonic range begins 
when the highest local Mach number reaches u n i ty .  At the beginning of 
the transonic range, the flow acce lera t ing  over the body surface w i l l  
become supersonic in a region near the body. This supersonic region is  
embedded in an otherwise e n t i r e ly  subsonic f lo w f ie ld  and is  usua lly  
terminated by a shock wave. As the freestream Mach number gets closer 
to u n i ty ,  a compression wave appears a t  the upstream i n f i n i t y  and







th ickness r a t i o  t  =  
c y c l ic  frequency to -  j — 
freestream Mach number M„ =
i
2ir
o s c i l l a t i o n  motion amplitude A = (x -x . - i ) / 2  ' max min '
Fig. 2.2 Sketch o f  the basic physical problem and the 
coord inate system.
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approaches the body. When the freestream Mach number exceeds un ity  
subsonic regions become embedded in a supersonic f lo w f ie ld .  The 
transonic range ends when the lowest local Mach number is  un ity  and the 
e n t i re  f lo w f ie ld  becomes supersonic. Determination o f  per iod ic  
f lu c tu a t io n  o f the pressure c o e f f ic ie n t  together w ith the shock wave 
loca tion  on the body surface is  important fo r  engineering in te re s ts .
2.4 Derivation of the Fu ll Po ten tia l Equation 
and Boundary Conditions
As discussed in Sec. 2.2, an i n i t i a l l y  i r r o ta t io n a l  in v is c id  flow 
w i l l  always remain i r r o ta t io n a l  in the case of ise n trop ic  flow w ithout 
strong curved shocks. As a consequence o f th is  permanent i r r o ta -  
t i o n a l i t y ,  a v e lo c i ty  po ten t ia l can be introduced as
V = (2.14)
where $ ( r , t )  is  the po ten t ia l fo r  the v e lo c i ty  in the e n t ire  f low . 
Consequently, Eq. (2.2) o f Sec. 2.2 becomes
V ( | f )  + V ( i  V2 ) = -  i  Vp (2.15)
Let dr be an instantaneous displacement along a streamline a t  time t .  
Then, a scalar dot product m u l t ip l ic a t io n  of Eq. (2.15) by dr and using
v ( | f ) -dr = d(-|5) , e t c . ,  re su lts  in
d ( | f )  + d V2 ) = -  i  dp (2.15)
In te g ra t in g  along the streamline and evaluating the in teg ra t ion  constant 
a t  uniform upstream condit ions gives
| |  + 1 (v2 -  u2 ) = -  /  P &  (2.17)5t 2 v c°J ■'p p
which is  known as the K e lv in 's  equation. For an isen trop ic  flow of a
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pe r fec t  gas, the pressure is  re la ted  to the density as
P = KpY (2.18)
where K and y are gas constants. Hence local speed o f sound is  obtained 
as
a2 = = f ~  (2 ' 19)
Using the la s t  two equations, the term a t  the r ig h t  side of the K e lv in 's  
equation is  evaluated as
/pp 4 , .  /p p ^
S u b s t i tu t in g  th is  back in to  the K e lv in 's  equation re su lts  in
a' - a^= - (y-1) { f ( V 2 - U2J} (2.21)
The d e r iv a t iv e  of the same term with respect to p is  evaluated as
d_ r p djp _ d  <- p dp _ 1_ ,
dp ■'p  ̂ p dp JPro (R)1^  P *
Therefore, a pp lica t ion  of the substantia l d e r iva t ive  operator to th is
term leads to
2_ [ P dp = Dp d_ f p dp = Dp 1_ , .
Dt Jpro p "  Dt dp JPoo p "  Dt p
The pressure c o e f f ic ie n t  can be evaluated by means of Eqs. (2.17) 
and (2.18) as
+  ( 2 ' 2 4 )p p U yM a
^  OO CO 1 CO CO
Now the equation of c o n t in u i ty  is  given as
i  £ £  + V*V = 0 ( 2 . 2 5 )
p Dt
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Making use o f Eqs. (2.19) and (2 .23), the f i r s t  term of the con t in u ity
equation is  expressed as
_1 D£ _ _1 Dp _d£ <-D_ (• p dp -I d_p
p Dt p Dt dp -̂Dt p ‘ dp
Carrying out the substantia l d e r iv a t iv e  operation, Eq. (2.28) f i n a l l y  
becomes
defined by Eq. (2 .21). Equation (2.29) is  chosen as the mathematical
model o f the unsteady transonic f low phenomena fo r  the present work.
In the remainder o f th is  sec t ion , the boundary condit ions
complementing Eq. (2.29) are derived. Let F ( r , t )  = 0 denote the time- 
dependent surface. I f  a po in t on the surface F is  followed then the 
body boundary condit ion is  formulated in terms o f the po ten t ia l as [22]
Since shocks are weak then the uniform flow a t  i n f i n i t y  can be assumed 
to remain i r r o ta t io n a l  in the presence of shocks. Therefore, the
(2.26)
Using Eq. (2 .14 ),  the second term of c o n t in u i ty  transforms in to
->  2VV = V $ (2.27)




which is  the exact unsteady f u l l  po ten t ia l equation and the term a is
2 1 r a2$ 8 , 2 ,  -> ,v2
V ® —  (V ) + V-V(— ) ]  = 0 (2.29)
on F ( r , t )  = 0 (2.30)
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boundary cond it ions are th a t  the flow is  uniform and undisturbed a t  the 
i n f i n i t y .  This is  mathematically expressed as
4> = U^x as + °° (2.31)
Equations (2.28) and (2.21) together w ith  boundary conditions (2.30) and 
(2.31) form a formidable system to solve and there is  no exact a n a ly t ic  
so lu t ion  fo r  th is  system. In the next section i t  is  sought to reduce 
these equations to simpler but s t i l l  accurate forms by means o f a 
pe r tu rba tion  ana lys is .
2.5 Perturbation Analysis o f the Transonic Flow and 
M od if ica tion  of the Boundary Conditions
In terms of a c y l in d r ic a l  coordinate system Eq. (2.14) is  rew r it te n
as
V = U e + U e + U e (2.32a)
r  r  0 0 x x
or
a® ->■ 1 8® •+ 9$ ■*
= _  e + - T ^ e Q + ^ - e  (2.32b)9r r  r  d0 0 dx x
where e , ea , and e are the u n i t  vectors along r ,  0, and x axes,r  u x
re s p e c t iv e ly .  S ubs ti tu t ing  Eq. (2.32b) in to  Eq. (2.29) and considering 
ro ta t io n a l  symmetry o f the problem ( i . e ,  = 0) , Eq. (2.29) is
expressed as
r l  a , a ^  ^  a2®-, l  ra2® a ^ r 1k aF (r ar) + 7TJ - T  W  + at %-> + fe-1 ]ax a at
2 2
, ( a® -> , 6$ + a ->• a >r l  ea®-! l  fa$ i n  _ n t ?
+ (aF er  + aF ex ^ er aF + ex a ^ f e  ^  + 2 H  ~ 0 (2 *33)
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Carrying out vector opera tions, m u lt ip ly in g  by a2 , regrouping terms w ith  
respect to highest orders, and using shorthand nota tion fo r  p a r t ia l  
de r iva t ive s  gives
' 2*r ®rt ' ®tt * 0 (2-34)
which is  a convenient form of the unsteady f u l l  po ten t ia l equation. 
Equation (2.21) is  also rearranged in to  a new form as
a = a2 -  ^  (2©t  + i + ^  -  U2J  (2.35)2 2 y -1i  
CO ^  ^
Also, the pressure c o e f f ic ie n t  can be re w r it te n  as
Y
CD = “ T  ^  ( 2 ® t  +  4 +  ®x  "  U^ ] Y_1 "  ^  ( 2 ’ 3 6 )p yM 2a
Evaluating the gradient o f time-dependent surface F as
■* 5R ■>
VF = e -  t —  e 
r  dx x
and s u b s t i tu t in g  in to  Eq. (2.30) gives
DF 5R bR ,
—  = - t —  + —  = 0 (2.37)
Dt a t r  5x
which is  the body boundary cond it ion .
F in a l ly  the i n f i n i t y  boundary condition is  re w r i t te n  as
$ = U as I x2 + r 2* -> <» (2.38)x ra y
The small parameter t occurring in Eq. (2.12) s trong ly  suggests a 
pertu rba tion  ana lys is in order to obtain an approximate so lu tion  fo r
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$ [2 3 ] .  As a re s u l t  o f applying the pertu rba tion  ana lys is to the 
unsteady f u l l  po ten t ia l equation, the second and higher order non-l inear 
terms ar e lim ina ted while the f i r s t  order non-l inear terms are re ta ined. 
The s truc tu re  of the f lo w f ie ld  is  composed o f two d i s t i n c t  regions: an 
inner region s im ila r  to tha t  in the c lass ica l slender body theory [6 ]  
and an axisymmetric outer region governed by the transonic small
d isturbance equation. Hence, the method o f matched asymptotic 
expansions is  applied to the problem. The advantage of using th is
method is  tha t i t  gives a c lear p ic tu re  o f the form ula tion fo r  an outer 
f low  fo r  which the slender body in the l i m i t  collapses in to  a l in e  
(taken to be body a x is ) .  A lso , ' the s truc tu re  o f the inner so lu tion  
associated w ith  the rad ia l coordinate introduces ce r ta in  features in to  
the problem tha t becomes apparent w ith  the use of th is  method.
The inner so lu tion is  sought in the form
^ ( x . r . t )  = U [V ( x , r , t )  + e&! ( x , r , t )  + • • • ]00 0 x
where e is  a small parameter measuring the pertu rba tion  level and i t  is  
a funct ion  o f the thickness ra t io  such tha t e->o as t-> o  . The re la t io n ­
ship w i l l  be determined in the course o f ana lys is .
The zeroth order inner term is  th a t  o f a p a ra l le l  f low , tha t  is
4?1 = x , because the inner flow must be p a ra l le l  to the undisturbed o K
freestream in  the l i m i t  x-»o . Therefore the inner expansion is  
re w r i t te n  as
^ ( x . r . t )  = [x + ( x , r , t )  + • • • ]  (2.39)
2.5.1 Inner Expansion Procedure
For the inner expansion, d i f f e r e n t  terms in Eq. (2.34) are expressed as
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a2 = a2 + 0(e) (2.40a)
00
(a2 -  ®j ) = ea2 U_®{ -  d j3.  * j xx + OU2) (2.40b)
.2
(a2 -  = ea2 Uro + 0(e2) (2.40c)
2 . C&1
= e ai  Uco -r+ OU2) (2.40(1)
-  2$1' S1' = 0(e2 ) (2.40e)x r  xr
2®1' = -  e2U2 $] + 0(e2 ) (2.40f)
X X t  OT X X "C
2^r  = 0(£2 ) (2.40g)
-  $1* = -  eU + 0(e2 ) (2.40h)L L 03 1 "t X
In Eqs. (2.40) a l l  higher order terms in e are ignored. A subs t itu t ion  
of Eqs. ( 2 .40b-h) in to  Eq. (2.34) gives
2M2 . M2







Since in a transonic flow (l-M  ) = 0(e) , Eq. (2.41) becomes
2 2 , . 2M M .
^  + X + _!! g?1 (2.42)
l r r  r  l r  U l x t  ..2 l t t
03 U
00
For low frequency f lows, a thorough in ve s t ig a t io n  o f the physics of the 
phenomena near the body axis ind ica tes  tha t  the va r ia t io ns  in rad ia l
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d e r iva t ive s  of the po ten t ia l are much la rge r than va r ia t io ns  in x and t  
d e r iva t ives  o f the p o te n t ia l .  Therefore, an approximation to Eq. (2.42) 
can be made as
+ -  S’} = 0 (2.43)l r r  r  l r  ' '
This inner equation is  subject to the body boundary cond it ion .
Another in te rp re ta t io n  of Eq. (2.43) is  tha t  the de le t ion  of the 
d e r iv a t iv e  4?1 ^xx and the time de r iva t ives  and in  the close
neighborhood of the body is  equ iva len t to assuming the f i r s t  order flow 
as a ra d ia l  incompressible flow in the cross-section plane x=constant; 
provided tha t  frequency is  not high [ 6 ] .  However, th is  is  s t r i c t l y  
re s t r ic te d  in the immediate neighborhood o f  the body. The conclusion, 
the re fo re , is  drawn tha t near the body the po ten t ia l 4>7( x , r , t )  has the 
form
4>1 ( x , r , t )  = <Mr;x,t) + g ^ x . t )
where <t>(r;x,t) is  a v e lo c ity  po ten t ia l fo r  rad ia l f low in a cross-
sectional plane. Here, var iab les x and t  appear only as parameters
introduced by the geometry of the body cross-section a t  x and unsteady
motion a t  t ;  and g ^ U j t )  is  any a rb i t r a ry  function o f x and t  [6 ] .
Consequently, the so lu tion  of Eq. (2.43) is  sought in the fo l low ing
form: S ubs ti tu t ing  the inner series expansion in to  Eq. (2.37) and
2
ignor ing  products o f  z and e, e , e tc . ,  y ie ld s
eU 4>! = z + ul -Ip- on r  = i;R(x,t) (2.44)“  l r  d t ® 5x
Hence the so lu tion of Eq. (2.43) sa t is fy in g  Eq. (2.44) on the body is
found to be
eU $1 = [ z 2 R | |  + -u2U R Inr + t 2U g ( x , t )  (2.45)co i   ̂ a t °° ax' co
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The la s t  term in Eq. (2.45) is  the rearranged form o f the a rb i t r a ry  
function g j_ (x ,t) .  Thus the inner flow is  known except fo r  a function 
g ( x , t ) ,  which must be determined by matching to the outer so lu t ion . 
From Eq. (2.45) i t  fo llows tha t the rad ia l v e lo c i ty  component is
I I 1’ a: i  I I a-i ( 2 n 9 R  , 2., n 9 R - I  1  i n  A r \Ur  = = eU, ®l r  = (T R - f t  + T Uro R  - ^ )  7  (2.46)
In order to re la te  the pe r tu rba tion  parameter e to the thickness 
r a t io  t rad ia l v e lo c i ty  components of inner and outer flow should be 
matched. By expanding Eq. (2 .36 ),  the pressure c o e f f ic ie n t  is  
approximated as
2 2 2 
2$. + <r + § -  u
C ( x , r , t )   -------- --------H-*— -------   (2.47)
P ^
00
By in troduc ing  the inner expansion in to  Eq. (2.47) and ignoring higher 
orders o f  e , the pressure c o e f f ic ie n t  in the close v ic in i t y  o f the body 
is  obtained as
.2
e2U 'S>\, + U2 + e2U2 d  + 0(e2)
CO | T  00 1 Y ' CO I Y
C i x . r . t )  = ------------ —-------------------^ ----------------—-------------- (2.48)
P U
CO
Here the rad ia l d e r iv a t iv e  term is  re ta ined because in the close
v ic i n i t y  o f the body, the order of th is  term is  the same as other
terms. This can be seen by comparing Eqs. (2.44) and (2 .45). By taking
the square of the po te n t ia l from Eq. (2.44) and taking x and t
d e r iva t ive s  of the po ten t ia l from Eq. (2 .45), i t  can be shown tha t a l l
the terms in Eq. (2.48) are o f the same order. Consequently, the inner
expansion of the pressure c o e f f ic ie n t  is  expressed as
2®1 .2
Cp ( x , r , t )  = -  e — ^  -  e2^ l r  -  e 2 ^ x (2.49)
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2 .5 .2  Outer Expansion Procedure
For the outer f low a d i f fe r e n t  expansion is  sought so tha t i t  
becomes possible to s a t is fy  the boundary cond it ion  a t i n f i n i t y .  I f  the 
same equations are used fo r  both the inner and outer flows then in  the 
l i m i t  o f M ^ l  the equation fo r  outer f low , analogous to Eq. (2 .42), is
2 2. 2M M
j.  1 “  .0  ,0  n i n
l r r  r  l r  ~ U l x t  ~ ,.2 l t t  (2.50)
oo U
00
Since the highest order x -de r iva t ive  term is  lo s t ,  i t  w i l l  in general 
not be possible to s a t is fy  the boundary condit ions a t  i n f i n i t y .  
Therefore, a new expansion which re ta ins  the highest order de r iva t ives  
in  the l i m i t  M ->1 is  needed.oo
During experimental studies of transonic f low i t  has been observed 
tha t  the disturbances caused by a body in the f low , not only propagate 
to large distances in the la te ra l d ire c t io n  but they also extend fa r th e r  
and fa r th e r  away from the body as the thickness ra t io  % is decreased to 
zero. This propagation of disturbances in a nearly v e r t ic a l  d ire c t io n  
suggests a resca ling  o f  the la te ra l coordinate r .  Thus, a new 
compressed coordinate p which is  also ca l led  the transonic coordinate is  
used to make these disturbances same order as the disturbances in the 
flow d i re c t io n .  Such an app lica t ion  should also make i t  possible to 
s a t is fy  the boundary conditions a t  i n f i n i t y  in the l i m i t  Mro-FL as the 
thickness r a t io  i  tends toward zero.
Consequently, the fo llow ing  form o f  the outer expansion is  
consi dered
<r° = Um[x+e®°(x, p , t)  + e2$° ( x ,p , t )  + • • • • ]  (2.51)
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where
p = 6r (2.52)
with  6 being a function o f thickness ra t io  t  s o  tha t  6-M3 as t->0 . The 
re la t io n s h ip  between Sand i  w i l l  be determined subsequently. Note tha t  
in the l i m i t  of zero body th ickness, the outer f low is  p a ra l le l  to the 
undisturbed freestream.
In troduc tion  o f the new compressed coordinate in the outer
expansion re su lts  in an equation w ith  a non-l inear term (<£ $ ). This
X X X
term is  responsible fo r  changing the type of equation from the e l l i p t i c  
to hyperbolic  as the local v e lo c i ty  changes from the subsonic to 
supersonic. Linearized theory re s u l t in g  from s tra igh tfo rw a rd  expansions 
is  too crude to describe th is  feature of the transonic f low . The
d e ta i ls  o f e f fe c ts  of the non-l inear term and the important requirements 
in a transonic  expansion fo r  a slender body are ava i lab le  in [23 ].  As a 
matter o f fa c t ,  the novel feature of th is  study is  the genera liza tion  of 
the method reported in [23] to include the e f fe c ts  o f unsteadiness. The 
form o f  the unsteady transonic small disturbance equation tha t is  
employed to describe the f lo w f ie ld  in the outer region is  obtained from 
the app lica t io n  of th is  generalized method. Thus fo r  the outer
expansion, d i f fe r e n t  terms in Eq. (2.34) are expressed as
a = a + 0( e)
CO
(2.53a)
I t  Ixx
2 / . \ , 3 _o tO 2 ̂  . 3 .j
e (y-1) U 4?, -  e 2U $1 ® lx  IXX ool xx
(2.53c)
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2 „  „  ®?
7 - ® ?  = ^  ai u- - ^ + (2.53d)
2®° $°r  = 0(e2 ) (2 .53e)
2 < ® x t = - e2Û ? x t  + 0(e2) (2 ' 53f)
2 $ ° $ ° t = 0 ( e 2) (2.53g)
- * ° t t  = eU- ® n t  (2 -53h)
In Eqs. (2 .53b— h) a l l  higher orders of e are ignored except Eq.
(2.53b). Since in a transonic f low (1-M2) = 0(e) , in Eq. (2.53b) a l l
CO *
the c o e f f ic ie n ts  o f highest order x -d e r iv a t iv e  term are of the same 
order and none of them can be ignored in comparison. S u bs t i tu t ing  Eqs.
(2.53b-h) in to  Eq. (2.34) and rearranging one f inds
M2 $°
[ l-M 2 - e (y - l )  tt“  4>° + e(y+l) M2 §? ] $? + 62§° + 62L 00 1 U I t  ' ® l x J Ixx lp p  p
2 2M M
- 2 IT ®lxt - 7  ®ltt ° 0 (2-54)
CO (J
CO
In Eq. (2.54), the f i r s t  term is  one order smaller than the 
remaining terms. A nondegenerate equation is  obtained by se t t in g
62 = e (2.55)
which makes the rad ia l d e r iva t ive  terms of the same order as x- 
d e r iv a t iv e  terms. However, time d e r iv a t iv e  terms are s t i l l  one order 
la rg e r  than the other terms. Therefore, the time d e r iv a t iv e  term
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o o
( y l )  u~ ® ixx can be ignored in comparison to the other two time
CO
d e r iv a t iv e  terms [24 ] .  D iv id ing  Eq. (2.54) by e and s u b s t i tu t in g  the




in to  Eq. (2 .54), the unsteady transonic f low equation fo r  the outer 
region is  obtained as
2M2 M2
[K-( y+l)M 4>° ]$° + 4>° + -  $° = -  + 1  (2.57)L ®> l x J Ixx Ipp p lp  e Uro l x t  e ^2 l t t
Boundary condit ions a t  i n f i n i t y  are determined as
f 2 2 as /x + p -»• ® (2.58a)
4>? -> 0
lp
which can be combined in to
P-> 0 as J x  + p -> ® (2.58b)
The rad ia l v e lo c ity  component of the outer f low is  found as
U° = (x , p, t )  + 0(e2 ) (2.59)
The pressure c o e f f ic ie n t  in the outer flow can be found s im i la r  to the 
inner f low . The outer expansion is  subs titu ted  in to  Eq. (2.47) and
higher orders of e are ignored th is  time inc lud ing  the rad ia l v e lo c ity
term. Since in the region, fa r  from the body, Eq. (2.44) is  not v a l id ,  
the rad ia l v e lo c i ty  term is  one order smaller than reta ined terms.
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Consequently, the outer expansion o f the pressure c o e f f ic ie n t  is  
expressed as
2.5 .3  Matching Procedure
In order to solve the unsteady small disturbance equation which 
governs most of the flow f ie ld ,  the body boundary condition should be 
incorpora ted . However, since the so lu tion  of the inner flow s a t is fy in g  
the body boundary condition is  v a l id  in the immediate neighborhood of 
the body ( in  a cross-sectional plane), the body boundary condit ion can 
be incorporated in  the governing equation by matching the rad ia l 
v e lo c i ty  components of the inner and outer f lows. Also, by matching the 
ra d ia l  v e lo c i ty  components o f the inner and outer f lows, the 
re la t io n s h ip  between the perturbation parameter e and the thickness 
r a t io  can be determined. This procedure is  ca l led  the l im it-m a tch ing  
p r in c ip le .  Since the a rb it ra ry  function g ( x , t )  is  independent of the 
rad ia l coordinate, i t  becomes zero when the body boundary condit ion is  
incorporated in the governing equation of the outer f low. However, th is  
term is  not equal to zero in the pressure c o e f f ic ie n t  expression, and i t  
needs to be evaluated. At th is  stage, the outer flow is  already 
ca lcu la ted  by numerical means, and g ( x , t )  can be evaluated by matching 
o f  $° i t s e l f  w ith d?1.
According to the l i m i t  matching p r in c ip le ,  the outer l im i t  o f the 
inner expansion is  equal to the inner l i m i t  o f the outer expansion. 
This is  expressed in  the l im i t  of zero body thickness as
(2.60)
L im it  [ l l ° ]  = L im it  [uj, ] (2.61)
p -> 0 r  ->
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Using Eqs. (2.46) and (2.59) th is  is  expressed as
L im i t  $ ° p( x ,p , t )  ] = L im i t  [ ( t2 R | |  + | |  ) I  ]
p 0 r  -> °°
or
2
L im i t  [p ( x ,p , t )  ] = L im i t  [-  ̂ (-  ̂ R -||- + R ] (2.62)
^  CO
p > 0 r  -> °°
For the expansion to be meaningful in the l i m i t  of  e ■* 0 , i t  is 
essent ia l  to set
tZ = e (2.63)
Thus, the f in a l  form of  the body boundary condi t ion fo r  the outer f low 
becomes
L im i t  [p4>° ] = X— RR + RR fo r  0<x<JL (2.64a)
X p  U u X00
p -> 0
and
L im i t  [p®°p] = 0 fo r  x<0 and JL<x (2.64b)
p ->• 0
In order to f ind  the exact expression for  the pressure c o e f f i c ie n t  
in the close neighborhood of the body, the unknown funct ion g ( x , t )  in 
Eq. (2.45) should be determined. This can be done by matching inner and 
outer values of  po ten t ia l  i t s e l f  as
L im i t  [ $ ° ] = L im i t  [V  ] (2.65)
p -> 0 r  -> °°
where values of  4>° are calculated from f i n i t e  di f ference so lu t ion  of  the 
outer f low equation sa t is fy ing  the body boundary condi t ion,  Eq. (2 .64),  
on the f i r s t  rad ia l  gr id l i n e .  By subs t i tu t ing  Eq. (2.45) in to  Eq.
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p
(2.65) and se t t ing  x = e the expression fo r  g ( x , t )  i s  obtained as
g ( x , t )  = L im i t  [<£° -  ( i  RR + RR ) l n ( p ) ]  (2.66)
CO
p -> 0
Now, a l l  the necessary informat ion to ca lcu la te  the pressure c o e f f i c ie n t  
on a slender body is provided.
The pressure c o e f f i c ie n t  in the region away from the slender body 
is  obtained from Eq. (2.60) as
C ( x , r , t )  = -  2x2 ( i  1 fo r  x<0 and K x  (2.67)
p U I t  lx00
2
where e is  set  equal to x . Calcu la t ion of  the pressure c o e f f i c ie n t  in 
the close neighborhood of  the body is  more complicated. The procedure 
used to f ind Cp is  as fo l lows
1. Calculate x and t  der iva t ives of  the potent ia l  from Eq. (2.45).
2. Calculate square o f  the rad ia l  de r iva t ive  of  the potent ia l  from Eq. 
(2.46).
3. Subst i tu te  r e s u l t in g  values in to  Eq. (2 .49).
4. In order to evaluate the pressure c o e f f i c i e n t  in terms of  the
already ca lcula ted f i n i t e  d i f fe rence  so lu t ion of  the outer 
expansion, match inner potent ia l  values and outer potent ia l  values 
in accordance with matching p r in c ip le ,  Eq. (2 .65) .
2 -
5. Set the rad ia l  coordinate p of  the outer expansion equal to x R on 
the slender body surface.
Consequently, the pressure c o e f f i c i e n t  on the slender body is 
obtained as
Cp(x,T2R,t )  = -2T2 [ ( i 2 Rt Rt+ - L  RRt t+  i -  Rt Rx+ i -  RRx t ) ln ( x 2R) +
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2 2 
gt ( x , t )  +.SC-4- R + 2 -  R R + R )
U  CO
u
gx U , t ) ] fo r  0< x< il (2 .6 8)
where gx and gt  are calculated from Equation (2.66) as
^ * - t )  = K x l p .  '
r  CO CO
+ RRXX) 1n( p2) (2.69a)
and
St ( x ' t) = [® n lp ,  -  ( f  V t  + F -  5« t t  + V *J_ CO 00
+ RRx t  ) 1 n ( P;L) (2.69b)
2.5.4 Normal izat ion Procedure and Summary of  Equations
In th is  subsection equations are transformed in to  the forms as they 
are used in the computer program by s u b s t i tu t in g  the fo l low ing non- 
dimensional var iab les .  For a slender body of  length £ , t rave l ing  wi th 
a speed Ura and executing some unsteady o s c i l l a t o r y  motion of  frequency 
to , the equations are normalized by in troduc ing
cj>0* X * n *  f  *  1 *  n . .
x = I ’ p = 1> 1 = T O  *  = — » and g = j  (2.70a)
so tha t  x , p , t  , $ , and g are a l l  non-dimensional.
Physical parameters are also normalized by in troducing
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so tha t  r  , R , A , and F are also non-dimensional .
Also,  d e f in i t i o n  o f  the thickness r a t i o  is  rearranged in to
r  = 2r *  (2.71)max 1 1
Hence, the normalized form o f  the time-dependent surface equation
becomes
F ( r  , t  ) = r  -  t  R (x , t  ) = 0 (2.72)
By making use of  Eq. (2 .63),  the t ransonic s im i l a r i t y  parameter is 
expressed as
2
1 -  M
K = -^  (2.73)
T
A s ubs t i tu t ion  of  the non-dimensional quan t i t ies  given by Eq. (2.70) 
in to  Eqs. (2.57) and (2.64) and making use of  Eq. (2.63) resu l ts  in
[l<-( y+1 )M^ * + - L
x x x  p p p p
2 2 2 2kM * k l f  *
= ------ $ *  *  + --------  $ *  * (2 74)
2 x t  2 t  t
wi th
p<£*  = k R R *  + R R . Ar fo r  0<x <1 (2.75a)
p t  x
and
p $ *  = 0 fo r  x <0 and l<x (2.75b)
P
Here k is  a non-dimensional fac to r  which is ca l led the reduced frequency
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parameter and i t  is  defined as
k = ~  (2.76)
CO
This parameter can be regarded as a measure o f  the degree o f  
unsteadiness of  the f l o w f i e ld  since i t  is  a r a t i o  of  the time scale of  
the body speed Jt/U^ to tha t  of  the motion 1 / to .
Transonic f lows wi th  low values of  reduced frequency are phys ica l ly  
more in te res t ing  because the f low pattern c losely  resembles tha t of  
steady f low and nonlinear terms cannot be ignored. For such f lows i t  is  
reasonable to assume tha t  k<<l [25] .  Introducing th is  approximation 
in to  Eq. (2.74),  the second term on the r i g h t  side can be ignored in 
comparison to the f i r s t  term. The re s u l t in g  equation is w r i t ten  as
2kM2
[l<- ( y+1 ) Nfa *  + 2~ ® * ■
x  x x  p p  P P  t  x t
which is  known as the low frequency transonic small disturbance 
equat ion.  The boundary condit ion a t  i n f i n i t y  is  obtained from Eq. 
(2.58b) as
/ *"2 ^
$ -> 0 as Jx  + p (2.77)
A subs t i tu t ion  of  the non-dimensional va r iab les in to  Eqs. (2 .67),  
(2.68) and (2.69) gives
C ( X * .  p*.  t * )  =  -  2T2 ( k ® \  + * * , )  (2.78)
P t  X
The normalized form of the pressure c o e f f i c i e n t  on the slender body i s  
expressed as
C (x ,  P,  t  ) = - 2 t  [ (k R *R * + k R R *  t  + kR *R *+ kR R * J l n ( x R  ) 
p t t  t t t x  x t
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* 1 ✓ 2-*^ —*2 _* _*
+ kg *  + J  (k R * + 2 k R * R *  + R* )  + (kR *  R *
t  t  t x x  x t
+ kR* R** *  + R** R** + R* R** J in  ( t2R*) + g*J  (2.79)
t  X  X X X X  X
where
*  . * * r *  _* -  _*_*
9 *  (x » t  ) = * ]  *  -  (kR * R * + k R R * *
t  t  t  t  t  t
+ R** R** + R*R**t * )  l n ( p * )  (2.80a)
and
* . * *  _ * - _★ _•*-*
9 * ( x > t  ) = [® J  * “  (kR *R * + kR R * * 
x x x t  t  x
+ R** R** + R** *  ) l n (p * )  (2.80b)
X X  XX
k k
which are the normalized forms o f  g *  and g *  , respec t ive ly .  In the
t  x
case of  k = 0, the unsteady transonic equation becomes equ ivalent to the 
steady transonic equation.  Thus, Eqs. (2.74) and (2.75) become
[K-M2 (y+1) $ * * ]  $** * + $ * * *  + ^  = 0 (2.81)
X  X X  p P p P
p $ *  = R R *  fo r  0<x <1 (2.82a)
P x
and
p # . = 0 fo r  x <0 and 1< *  (2.82b)
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The boundary condit ions a t  i n f i n i t y  remain the same as in the unsteady 
case. The normalized form of pressure coe f f i c ie n ts  are obtained as
*  *  9 r  *
C fx , p ) = - 2 / ( >  J  (2.83)
y x
in the outer region and
2, * ?-*, ? r -* - *
C (x , / R  ) = - 2 / [ . 5  R *  + (R * R *
H X X X
+ R* R**x* )  ln (T2 R*) + g*x* ]  (2.84)
■k
on the slender body where g *  is given as
x
k  / - * N r * n  r — *  — *  — *  \  /  *  \
g *  (x ) = [® * ]  * -(R * R *  + R R * * ) l n ( p  ) (2.85)
X X p ^ X X  x x l
In order to reduce the number o f  a r i thmet ic  operations required to 
evaluate the body boundary condi t ion and the pressure c o e f f i c ie n t  on the 
body, a non-dimensional cross sect ional  area divided by 2n is  defined as
—k . k k
_ *  ,  *  * .  1 - * 2 .  *  *  S p i x  > t  J
S (x , t  ) = j  R (x , t  ) = -H  ------- (2.86)
_  k  k  k
where S (x , t  ) is the e f fe c t i v e  non-dimensional cross-sect ional  
area. Rearranged forms o f  the body boundary condi t ion and the pressure
~k k k
c o e f f i c ie n ts  in terms of  S (x , t  ) as used in the computer program are 
given in Appendix B. For the s im p l i c i t y  of  the no ta t ion ,  a l l  the non- 
dimensional var iables have been presented without  as ter isks  in Chaps. 3 
and 4 and Appendices.
2.6 Spec i f ica t ion  of  the O sc i l l a t ion  Motion 
In order to impose unsteadiness upon the f low, the slender body is
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al lowed to make an ax ia l  o s c i l l a t i o n  motion. For such a motion non- 
dimensional time-dependent radius shape funct ion is  spec i f ied as
R (x , t  ) = 2 [ (x  + A s in t  ) -  (x + A s i n t * ) ^ ]  (2.87)
*
where A is the non-dimensional axial  o s c i l l a t i o n  ampl i tude. Thus, the 
physical  radius of  the body is  obtained as
r  = t  {2 [ (x  + A s i n t  ) (2.88a)
*  *  * 2 i  *  *  *
-  (x + A s i n t  ) on x . <x <xJ mm max
Note tha t  when the time-dependency is removed, Eq. (2.88a) reduces to
2
r  = t [ 2 ( x  - x ) ]  on 0<x < 1  (2.88b)
which is the equation of  a parabol ic arc body of  revo lu t ion  in steady 
f low. Experimental studies o f  parabol ic arc bodies of  revo lu t ion in
transonic f low are ava i lab le  in [26 ] .
The rearrangement o f  Eq. (2.88a) in to  the corresponding quadrat ic 
equation is  shown a t  subsequent time levels  in Table 2.2. The numerical 
value of  the non-dimensional axial  o s c i l l a t i o n  amplitude is  chosen as 
0 .5 .  Note tha t  one period corresponds to 2it radians, since the non- 
dimensional time var iab le  is  used in the sine term. Consequently, the 
e f f e c t  of  the frequency w is  absorbed in to  the reduced frequency 
parameter k.
The sequence o f  the ax ia l  o s c i l l a t i o n  motion fo r  one period is
★ *
i l l u s t r a t e d  in Fig. 2.3.  Var iables r  and x correspond to the maximum 3 m m r
body radius and abcissa, respec t ive ly .  From t  = 0 to t  = |  , the body 
moves against  the incoming f low. The e f fe c t i v e  ve loc i ty  on the body is 
greater  than the freestream f low. At t  = j  , the body cornes to a stop 
wi th  respect to the coordinate o r ig i n ;  the e f fe c t i v e  ve lo c i t y  is  equal
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
41
*  71 ★ 3 7Cto the freestream ve loc i ty  a t  th is  ins tan t .  From t  = to t  = —  
the body moves in the f low d i rec t io n  f i r s t  acce le ra t ing ,  then 
dece lera t ing in accordance wi th  the s inusoidal motion. E f fec t ive  
v e lo c i t y  on the body is smal ler  than the freestream v e lo c i t y .  The 
body a t ta ins  the minimum e f fe c t i v e  v e loc i t y  a t  t  = n. At t  = - ^  
the body again comes to a stop and the e f fe c t i v e  ve loc i ty  becomes equal
*  3 71 *
to the f reestream v e lo c i t y .  F in a l l y ,  from t  = —  to t  = 2 it the body
accelerates against the incoming f low and the e f fe c t i v e  ve loc i ty  in the
★
body is  again greater than the freestream v e lo c i t y .  At t  = 2 it , the 
e f fe c t i v e  ve loc i ty  on the body a t ta ins  i t s  maximum value.
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Table 2.2 Rearrangement of  Eq. (2.88a) in to  corresponding quadratic 
equations a t  subsequent time instan ts
k Corresponding quadrat ic
Time ( t  ) Equation (2.88a) equation
. . . .  ,j, .. , -------------- . . . .
0 r  =  2 t  [ (x + 0 ) ]  - (x + 0) ]
%
4
r *  = 2 t [ ( x *  + .5 ( . 7 0 7 ) )  r *  = 2 t [ ( . 3 5 4  + x* ) ( .646  -  x * ) ]
-  (x* + .5 ( . 7 0 7 ) ) 2 ]
j  r  = 2 i  [ ( x  + .5)  -  (x + . 5 ) 2 ] r = 2% [ ( . 5 + x  ) ( . 5 - x  ) ]
*  r *  = 2 i  [ ( x *  + 0) - (x* + 0 )2 ] r*= 2 ,  [ x * ( l  -  x * ) ]
*5 *t t  ★  r k k 0 k r ★
J r  = 2 t  [ ( x  - . 5 )  -  (x - . 5 )  ] r  = 2 t [ -  ( . 5 - x  ) ( 1 . 5 - x  ) ]
2
2n r  = 2 i  [ (x  - 0 . )  -  (x - 0 . ) 2 ]  r  = 2 t [ x  ( 1 - x  ) ]
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1 .Ot
* *  «• *  *  «
0, r = 2x  l x  ( 1 - x  )
★a) t 5x: 5r, x
★★
2x f( .354+x*)( .646-x*)
* ★U
b ) t r 146r
1 r *
.  1 .Ox
c )  t  -  2 *  r  = 2 t  £ ( 0 . 5 + x  ) ( 0 . 5 - x  )J r m -  . 5 x ,  x^  -
M -.5co *





*  *  r  *  / *  vi *
t  = n ,  r  = 2x  [ x  ( 1 - x  )J, r m = . 5 x , *X = .5 m
M -.500
1 .Ox
2x  [ x * ( l - x * ) ]
* * it ★
f ) t 5 x ,  x, 5r
F i g . - 2.3 Sequence o f  ax ia l  o s c i l l a t i o n  motion.
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Chapter 3
DESCRIPTION OF NUMERICAL PROCEDURES
In th is  chapter, the numerical procedures necessary fo r  e f fe c t i v e  
so lu t ions of  the steady and unsteady flows are described in d e t a i l .  For 
the present study, the resu l ts  of  ca lcu la t ion  o f  the whole steady 
t ransonic f l o w f i e ld  is  used to i n i t i a t e  the unsteady computations. 
Although i t  is  possible to s t a r t  the unsteady computations from an 
i n i t i a l  so lu t ion  f i e l d  consis t ing of  zero po tent ia l  values, i t  takes a 
longer t rans ien t  period before the so lu t ion becomes per iod ic .  Also,  the 
steady state so lu t ion  is  useful to compare the progress of  the resu l ts  
o f  the re la ted unsteady computations. However, both steady and unsteady 
transonic small disturbance equations have a nonlinear term which means 
tha t  there are no d i r e c t  methods to obtain so lu t ions .  Therefore,  some 
so r t  of  a l i n e a r i z a t io n  procedure is required before at tempt ing to solve 
these equations.
In the successive l ine  overrelaxat ion technique, the nonl inear term 
is l inea r ized  by using the most recent ly calculated values from previous 
i t e r a t i o n s  on each x=constant column during the downstream sweep. This 
technique is  applied to solve the steady transonic small disturbance 
equation.  Despite i t s  slow convergence, the technique is re l i a b le  and 
easy to apply.  For the so lu t ion  of  the unsteady transonic small 
d isturbance equation,  an a l te rna t ing  d i rec t io n  i m p l i c i t  technique, which 
l i nea r izes  the nonlinear term by averaging i t  a t  time levels  n and n+
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is  used. Contrary to the re laxa t ion  technique the so lu t ion  algor i thm 
fo r  the unsteady equation is  non i te ra t i ve .  That i s ,  the so lu t ion  fo r  
the n+lth time level i s  obtained d i r e c t l y  a f t e r  two sweeps through the 
g r id .  In the next two sect ions,  the mathematical and numerical de ta i l s  
o f  how these techniques are applied to the unsteady and steady equations 
is  presented. Also, some numerical considerat ions regarding gr id  
spacing, boundary condi t ions and re laxa t ion  parameters are presented in 
th is  chapter.
An appropr iate so lu t ion procedure fo r  the steady transonic 
f l o w f i e l d  is the app l i ca t ion  of  the successive l ine  overrelaxat ion 
technique to the governing d i f f e r e n t i a l  equation together wi th  the 
required boundary condi t ions.  Although the technique has a slow 
convergence rate i t  is  proven to be very r e l i a b le  [8 ]  The successive 
l i n e  over re laxa t ion technique steins from the i t e r a t i v e  so lu t ion 
procedures fo r  the l inea r  p a r t ia l  d i f f e r e n t i a l  equations of  the e l l i p t i c  
type. As a preview of  the re laxa t ion  technique, a simpler app l i ca t ion  
is  presented f i r s t  [27 ] .
For i r r o t a t i o n a l , incompressible f lows the scalar poten t ia l  
s a t i s f i e s  the Laplace equation
and a spec i f ied set of  boundary cond i t ions.  The f i n i t e  d i f fe rence form, 
using central  d i f ferences is
The so lu t ion of the f i n i t e  d i f fe rence form of the Laplace equation
3.1 Successive Line Overrelaxat ion Technique
(3.1)
2 1 v 2 Ax Ay
(3.2a)
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s a t i s f i e s  the condi t ion tha t  the value of  the (po ten t ia l )  of  any gr id  
po in t  is  equal to the value of  the weighted average of the (po ten t ia l )  
a t  the four nearest neighboring points.  This can be wr i t ten  as [28]
V  - ( J L  , J L )  [T ?  ( V i . k + V i , k >  + ^ r  ' W  + • j . k - i ) ]
Ax2 Ay2
The re laxa t ion  procedure is  s tarted with the assumption of  a s ta r t in g  
po ten t ia l  which presumably does not s a t i s f y  Eq. (3.2) and must be
j  y  K
modif ied in an i t e r a t i v e  procedure. A residue funct ion is  defined for 
each gr id  po in t  a t  each i t e r a t io n
e = ------- ----------r . ]
Ax Ay
The po ten t ia l  is  said to be converged to the correc t  so lu t ion
J ,  K
<£. , when E. , is  less than some spec i f ied small number, fo r  a l l  j , k .  
J j K J j K
I f  the so lu t ion  is  not converged a f te r  the nth i t e r a t i o n ,  the next 
i t e r a t i o n  is performed using the potent ia l  value generated by [17]
, (n+ l )  J n )  r ,n nl \$ . . = iS>. l + w E . l (3.3b)
J , k  j , k  j , k
Here to is  a re laxa t ion  parameter which is chosen in the in te rva l  0<wt2, 
and fo r  l inea r  problems an optimum value of  th is  parameter can be 
determined by making a spectral  radius analysis of  the c oe f f i c ie n ts  
matr ix [33] .
I f  n is  taken to denote a t h i r d  va r iab le ,  say t , then Eqs. (3.2) 
and (3.3) can be rewr i t ten  as
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3>(n+l) -  -  2 4 ? ^  + 4?^
J.k J.k _ .. r J'+l.k j»k j - l , k
A t  “  L ~ 2Ax
«(n) . 2 *<"J + *<")
+ _ j A i ---------- J>k------- J i L l ]  (3.4a;
Ay
where
At = [—T  + T 1 (3.4b)
Ax Ay
Thus, i f  one i t e r a t io n  sweep corresponds to a step A t  in a r t i f i c i a l  
t ime, then Eq. (3.4) approximates the unsteady heat equation [27 ]
$ = § + $ (3.5)
t  xx yy w.-w
Therefore,  Eq. (3.4a) can be regarded as an e x p l i c i t  f i n i t e  
d i f fe rence  approximation of  a time dependent parabol ic d i f f e r e n t i a l  
equation ( i . e .  unsteady heat equation) in which the f in a l  steady state 
so lu t ion  represents the required re s u l t .
A f te r  th is  in t roduc t ion ,  a descr ip t ion  o f  how the technique is  
app l ied  to the steady transonic small disturbance equation fo r  a slender 
body is  given below.
Equation (2.90) can be w r i t ten  in d i f ference form as [9 ]
C . .  6 $ . . + [ -  6 ( P6 $ ) ] . . =  0 (3.6)j , k  xx j , k  Lp p Jj , k
where
1-M2
c j , k = - f  -  (Y+1) M- V „  ( 3 - 7)
t j , k
Here indices j  and k are fo r  the x and p d i re c t io n s ,  respec t ive ly .  The
computational domain fo r  the numerical ca lcu la t ions  is  defined by the
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g r id  network shown in Fig.  3.1. At each i n t e r i o r  gr id po in t  f i n i t e  
d i f fe rence approximations to the der iva t ives  in Eq. (3.6) are 
constructed. These approximations form a set of  nonlinear algebra ic  
equat ions. This set of  equations is solved by using a successive l i ne  
overre laxat ion technique. One important concept in using the re laxa t ion
technique is  the concept of  mixed d i f fe renc ing .  In th is  concept,
d i f f e r e n t  f i n i t e  d i f fe rence formulas are used for  e l l i p t i c  and
hyberbol ic d i f f e r e n t i a l  equations to account fo r  the mixed subsonic- 
supersonic character of  the f low f i e l d .
The app l i ca t ion  of  th is  concept is performed in the fo l l ow ing
way. The c o e f f i c ie n t  of  the nonl inear term is  w r i t t en  as [8]
21~M 0 <(>., i . -  <f. , |
Cd,k ' H ?  '  <T+U ( 2AX > ( 3 ' 8)
The sign of  Cj  ̂ a t  each po in t  determines the local behavior o f  the 
equat ion.  For negative Cj  ̂ the equation is  supersonic, fo r  pos i t i ve  
Cj  ̂ the equation is  subsonic. Subsonic equations are e l l i p t i c  and 
centered di f fe rence formulas are used fo r  the de r iva t ives .  Supersonic 
equations are hyperbol ic and upwind di f ference formulas should be used, 
since fo r  supersonic equations the upwind d i f fe rence formulas proper ly 
take the domain of  dependence of  each po in t  ( i . e .  the upstream region 
bounded by c ha rac te r is t i c  l i nes  passing through tha t  point) in to  account 
[ 8 ] .  Consequently, the fo l lowing di f ference equations are used a t  the 
po in t  ( j , k )  of a uniform gr id  [9,  29, 30]:
(Subsonic points)  C . , .>0, C. .>0 ,
J i  ,  K J , K
1-M2 0 $ . J_1 , , -  2$. . + $• , ,
[— % -  ( y + 1 ) m 2  (  J  1 > k 2   j J < -------------
T ( A X )
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(Supersonic po in ts ) ,  C. , .< 0, C. ,< 0,
, K J ,  K
2
1 - M  a? -  ffi <5 2 $  +  a?
[ _ ^  -  ( r+D  ( ^ - k-
T ( Ax)
* 7 ^ 2  [ ( i t  y  * o , k +i  -  2pk ® j .k *  h -  I f )  ® j , k- i  i  = °  <3-9b)
In the app l ica t ion  of upwind di f ference scheme of  a g r id  po in t ,  i f
the local  supersonic f low is  confined to a small bubble around the body,
then the f low is  more or less al igned with the x d i re c t io n .  In th is
case, the numerical domain of  dependence of  the f i n i t e  d i f fe rence scheme
a t  t h is  g r id  po in t  approximately covers the physical domain of
dependence of  the po in t .  Consequently, even i f  the body is not
s u f f i c i e n t l y  slender, the f l o w f i e ld  around the body can be calculated to
a good degree by using the small disturbance approximat ion.  However, i f
the local  supersonic f low is high ly misal igned wi th  the x d i rec t ion
which may be the case in the nose region o f  a b lun t  body, then the
numerical domain of  dependence of  the f i n i t e  d i f fe rence scheme does not
agree well  w i th  the physical domain of  dependence of tha t  po in t .
Therefore,  the use of  the small disturbance approach w i l l  not be
appropr iate fo r  th is  problem since i t  uses a simple di f fe rence scheme
[31 ] .  This is i l l u s t r a t e d  in Figure 3.2. When C . , . is  pos i t ive
J t  > K
but C. . is  negat ive,  th is  indicates there is a t ra n s i t io n  from subsonic 
J > K
points to supersonic po in ts .  The boundary is a sonic l ine  and there the 
equation is  parabol i c .  The c o e f f i c ie n t  of  the nonl inear equation is  set




p = kAp L
x = jAx
c h a ra c te r i s t i c s
©  gr id  points in  use at  ( jAx , kAp )
numerical domain o f  dependence
the area which is  not covered by 
numerical domain o f  dependence
.2 Sketch o f  the simple d i f fe rence scheme.
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to zero and the d i f ference equation becomes 
Sonic points:
» 1+ ar> -  2* j , k + b -  1 = o (3 . 9 0
I f  Cj_2 #k is  negative but Cj  ̂ i s  pos i t i ve  then the t ra n s i t io n  is  from 
supersonic points to subsonic points and the boundary between these 
regions is  inte rpre ted as a shock wave. Along a shock wave there are 
d i s c o n t in u i t ie s  in f low propert ies such as v e lo c i t y ,  pressure, etc.  
Phys ica l ly  correct  shocks can be obtained only i f  conservation of  mass 
is maintained a t  a shock po in t .  A shock po in t  operator which is  the sum 




1-M 0 . -  2®. , + $ . . . .
[— f  -  (y+ i)   h * -------J i i ]
T  ( A X )
+
l -M2 0 0 . , -  2$. . . + <$. „  ,
[ i -  -  (TH-1) Mi ( - J-’-k ?^ ) ] [ - ^ -------- ^ -------t iJ C ]
T (Ax)
+ 7 ^  tU +  ®j - k+1'  2®J- k + (1‘  ^  = °  (3 ' 9d)
In terms of  a switching funct ion £j , the general form of  the t ransonic 
small disturbance equation of  a slender body fo r  a l l  type of  points can 
be w r i t t e n  as
1-M2 0 . + 2®. . + $- , .
( l - e  ) [ - ^  -  (y+D  « i  ( 3 ‘ - V  ^
3 T (Ax)
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j -2 »k ) ir.
. -J,k 2V l . k + ®j-2,k-|
+ ej - l L ,2 I 2Ax J J L (AX)2
j
+ « * , *  [(1+ - ■> W
-  2$. 
J ,k + (1'- y .k-1. ]  = o
(3.10)
where
sj - i  = ° ’
e . = 0 
J
for Cj - l , k >0, Cj , k >0 subsonic points
ej - i  = 1• e . = 1 J
fo r Cj - l , k <0, Cj , k <0 supersonic points
Eo - i  “  ° - e . = 1 J







(i) e . = 0 
J
fo r C . , . J- l»k <0, Cj , k >0 shock points
Using these equations along each j=constant column together wi th the
spec i f ied  boundary condit ions a t  k=l and k=kmax gives a coupled set of
d i f fe rence equations fo r  the , . In the so lu t ion  procedure each
J j K
i t e r a t i o n  sweep proceeds in the increasing j  d i rec t ion  and consequent 
j=constant  columns are solved in one i t e r a t io n  sweep (Fig.  3 .3 ) .  An 
e f fe c t i v e  way for  the l i n e a r i z a t io n  of  the d i f fe rence equations is to 
evaluate the c o e f f i c ie n t  of  $ term with the most recent ly calculated
aX
values of  $ .  . on each j=constant column. This means that in the n+1 th
J,k
i t e r a t i o n  sweep, most recent ly  calcu lated values of  <£. , on columns j - 1 ,
J > k
j -2  and the values from previous sweep (n) on column j+1 are subst i tu ted  
in to  0^ k . Hence a l i n e a r  matr ix equation system for  j=constant is 
formed. This is given as
SUB( K)*  + DIAG(K)* ^  ^
J »k-1 J , k
(n+ Vo )+ SUPER(K)* $.  , 2 = RHS(K) (3.11)
J,k+1
where SUB(K), DIAG(K), SUPER(K) and RHS(K) depend on, and
J ~ ( L  ,  K J ” 1 ,  K
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®j+ l  k * as we11 as x and p’ since the c o e f f i c ie n t  matrix of  the 
(n+ Vo ) *is tnd iagona l  on j=constant column, the simultaneous so lu t ion
J  9 K
of  the set of  Eqs. (3.11) can be done with  the Thomas algor i thm [17 ] .
The res u l t in g  intermediate values of  <̂ .n*   ̂ on the column are then
J , K
relaxed by s e t t ing
‘ ■ u 11 = * $ + “  ( » ^ k 1/2) -  (3- i 2 >
A f te r  the re laxa t ion  procedure, Eq. (3.11) can be w r i t ten  in the 
general ized form as
A. $.  = F. fo r  j=2 , 3, • • *, j  -1 (3.13)
J  J  J  Hid A
which represents j  -2 matr ix equations in which each A. is a (kmaY- l )  ma x j  ma a
by (kmax~l)  t r id iagona l  matrix having elements given by the l e f t  side o f  
->
Eq. (3.16) and F. is  a (kmax- l )  vector given by the r i g h t  side o f  Eq. 
J
(3.16) [ 9 ] .
In order to demonstrate th is  numerical arrangement, l i nea r ized  
equations on j=constant column is  w r i t t e n  as [9 ,  29, 30]
Subsonic points:
- *<n+1) s<n> - 2*<"+V2> t 4<n+l)
[K-H2 ( 1+1, ( J+1- k , , x J -1 - k-- ) ] [ - ^ ---------^
(Ax)
+ [ ( l t ^  * ^ 2 ’ '  2® w 1/2’ + ( l ' &  ' 0 13' 14a)
Supersonic po in ts :
$ (.n) -  $ ( n+1) ®(.n+1/2 ) _ 2$ (.n+1) + $ (.n+1)
[K-M2 ( y+1 ) ( - ^ — ?-aJ'~2~ ) ] | - ^ ----------------
^ AX ( Ax)





Sonic po in ts :
?  « i+  t f )  • ! : $ 1 -  1/2 ’ + 11-  7 7 ) 1 ) *  °  (3- i4 b >
7 ^ 7 [ ( i +  7 7 ) ®5"k« ’ -  2* j " 1 1/2 ’ + 11-  7 7 ) ®j? ^ 2 * )  = 0  (3 - i4c)
Shock points :
(.n! , -  ®(.n+1) ®(.n) -  2$(.n+1/2 ) + $(.n+1)
[K-M2 ( y+1 ) (--------------------------------[ J l k J < ---------U< ------------ i U L ]
^ AX ( Ax)
®(.n,} -  ®(.n+1) $(.n+1/2 } -  2®(.n+1) + $(.n+1)
+ [K-n£ (y+1) (—J-’~ ■ y .  j~ 2 . k j j ----------------j  l , k  j~2,k  j
( Ax)
+ T m 2 t ( 1 + ^ r )  '  2^ * k ) + (1' ^ ) " 0 n A W
An i n i t i a l  guess is  used to s t a r t  the i t e r a t i o n .  At the end of
J > K
each i t e r a t i o n ,  the newly calculated intermediate values are replaced 
with e i the r
(n+ V2 ) 1 , ( n+1) 1 (n)
. = —  $. . + (1- — ) $. , (3.15a)J , k (d j , k a) j , k
or
( n+ V2 ) _ 1  (n+1) 1 (n)
$.  . = —  + (1- — ) §>. , (3.15b)
J»k % J,k a) j , k
H ri
depending upon the type of  the po int .
The relaxed equations are arranged in to  the fo l lowing matr ix
equation form as used in the computer program [9,  29, 30]:
Subsonic po in ts :
{ -------- 1 -  ( 1-  i - ) i _ )  * * (n + 1 )  + ( [— £ _ ]  i _
(Ap ) 2 2 k  “e +  k' 1 ( a p ) 2 “e
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(n) (n+1)
<p -  g? 2 / o )
♦ [K -« f  ( y l )  ( j t l , k  2Axj ' 1 , k ) ] [ — ^ 1 )  * * ‘ 7 ’
^  ( Ax) J,k
$ (.n) -  $ (n+1)
+  { -   1  ( 1+  - i — -) i _ l  =  { [ K - M 2  ( y + 1 )  f — i —  i z i ’J l - ' )  "
(Ap)2 2k “ E J’ k+1 ”  Y 1 2 Ax
-2 ( 1-  L . )  $ (n)  + ® {n+1)
j + l , k  * ojr J j , k  j - l , k
X [--------------------------^ ------------------------ ]
(Ax)2
+ (1‘  V [^ 1 [U +  ^  ®J- k+1 '  2®J+ + U ~ ^  ® ^ - l ]  13
Supersonic p o in ts :
r 1 /• 1 i (n+1) rr 2 1
(-------- 7  U "  7 7 )7 7 } * # i n i + { [  7 ] 77
( Ap) 2k “ H J>k 1 (A p )2 “ H
®<n) -®(n+1) l / „
r,, M2 f j , k  j  2 , k  ̂i  [- H i i  (n+1)
-  [k-M ( y + l ) (  m  ) J L 2 J} k
( Ax) J ’ k
, , $ (n) -  $(n+1)
+ '"TTrt2 (1+̂ k) V  *®3"k*k " (tK'M" lY+1)( J’k ?aT2 , k )1
(1-  i . )  * < n ) .  2* (n+1) ♦ # (n+1)
1 V  j , k  j - l , k  j - 2 , k
■— - ------------------------------------------------- 2 ------------- k
(Ax)





<- - v  t 1-  ^  y  *®5nk - i + { [~ y ] y  *® jnki )( Ap) J,l< ( Ap) ^  J , k
+ 1- — ( 1+ 4 r )  — )
(Ap)2 2k V  J'k+1
=(i_ ^ ,[^ ][(i+^  ■ 2®j"k+(i ' y  y . y  <3
Shock points:
{- — -  -  ( 1 -  — ) i - } * $ ( n + 1 )  +  { [ — 2 - ]  J _
( A p ) 2 2k WH J , k  1 ( A p ) 2 “ h
2/u
(Ax)
®(n) -  $(n+1)
+ [ KV  ( r H )  (— 1- ’ k' 2aT J : 1 , k ) ] [ -
_(n) _ (n+1)
+ [Kv  {T*i)( j -k 2ar 2,k) ] [ - \ i )  * » ' ? ’
2“  (Ax) 3,k
+ (- _ i _  (1+ i _ )  i _ )
(Ap)2 2k “ H + k t l
,  j + l . k  j-l,k j+1,k 211 »  1 o,k ® j - l . k
f[k-h! (y+l )( m  ) ] [ ---------------------------  ]
$ (.n) -  $ (.n + 1)
+ [K-M* ( y + l ) (  J,k 2Axr -2 j k ) ]
(Ax) '
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The residual  e r ro r  in th is  program is  defined as the maximum change in 
the po ten t ia l  a t  any gr id po in t  a t  each i t e r a t i o n .  For n+1 th i t e r a t i o n  
t h is  is  w r i t t en  as
Successive columns are solved u n t i l  the en t i re  rectangular region has
been swept through. This completes one i t e r a t io n  sweep and the
procedure is  repeated fo r  the next i t e r a t i o n  sweep. The ca lcu la t ion  is
stopped and the so lu t ion is said to be converged when E. , is  less than
J > K
some spec i f ied  small number [29 ] .  For the present study th is  value was 
chosen as
The most important advantage of  th is  technique is the lessening o f  
the s t a b i l i t y  r e s t r i c t i o n  which al lows one to take r e la t i v e l y  large time 
steps. Thus, a considerable increase in e f f i c ie n c y  becomes poss ib le .  
An in troduc to ry  descr ip t ion  o f  the a l te rna t ing  d i rec t ion  i m p l i c i t  
technique appl ied for  solving unsteady two dimensional heat equation is  
given below as an example [32]
The unsteady heat equation is  w r i t ten  as
fo r  a l l  j , k (3.17a)
E. < 1.X10J j K
- 6 (3.17b)
3.2 A l te rna t ing  Di rec t ion  I m p l i c i t  Technique
(3.18)
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Equation (3.18) can be solved fo r  each time step with a two cycle 
procedure. The so lu tion  is  advanced from time level n to level n+1 fo r  
each g r id  po in t in the fo l low ing  form 
x-sweep:
$(_n+ V2 ) _ § (n) s + $ (n+ V2 ) *  _ 2a + $ (n)
_M <---------------  1----oil] + \— kii] (3 .i9)
Ax k Ay j
y-sweep:
( n +  1 )  _  ^ ( n + t y ^  ^  -  2®  +  4? ( n + D  <£ - 2 4 ?  +  4? ( n + V 2 )
j ,k j ,k = [- j+1 j,k j - l j + j- k+1 k V l j
At Ax2 k Ay2 j
( n+ V? )where 4> ^ denotes an in termediate value o f $ between n and n+1 time
le v e ls .  I f  there are N g r id  l in e s  in x -d ire c t io n  and M gr id  l in e s  in y -  
d i re c t io n  then N-2 equations w ith  N-2 unknowns are solved fo r  M-l times 
fo r  x sweep and intermediate values are obtained (Fig. 3 .4 ) .  For the 
y sweep, M-l equations w ith  M-l unknowns are solved fo r  N-2 times and 
n+1 th values of 4> are obtained. Here, $ is  spec if ied as zero on the 
perimeter of the computational domain except on x -ax is .  Now, low- 
frequency transonic small disturbance equation is  given as
2
2k M
[K-M2 ( y + l ) ® ] ®  + — ( p® )  o— = 0 (3.20)L ”  ' x J xx p K p p 2
In order to compare w ith  Eq. (3 .18), Eq. (3.20) is  rew r it te n  in the 
fo l low ing  form.




B = 2 
T
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C = K -  ( y + m x
The main d iffe rence  between Eqs. (3.21) and (3.18) is  th a t  the f i r s t  
equation has a var iab le  c o e f f ic ie n t  on the r ig h t  hand s ide. Also, the 
so lu t ion  of Eq. (3.21) is  genera lly  required to be on a varying g r id .  A 
modified form of the a l te rn a t in g  d ire c t io n  technique is  applied to solve 
fo r  the low frequency transonic small disturbance equation. This form 
of the technique is  a two level im p l i c i t  f i n i t e  d iffe rence  a lgorithm  and 
in  the remainder of th is  section a systematic development o f the 
technique is  presented. A model l in e a r  equation fo r  the slender body is  
considered f i r s t  and a f i n i t e  d iffe rence  a lgorithm  fo r  th is  case is  
constructed. Then th is  procedure is  app lied to one dimensional 
non linear equation which is  also ca l led  the Burger's equation [34 ].  
F in a l ly ,  a f i n i t e  d i f fe rence  a lgorithm  is  constructed fo r  the non linear 
mixed flow equation fo r  a slender body.
3.2.1 Algorithm fo r  the Model Linear Equation
The model l in e a r  equation fo r  the slender body can be w r i t te n  as
® + I (p$ ) (3.22)
x t  xx p  ̂ p'p
where p is  a constant.
An im p l i c i t  d i f fe re n c in g  o f Eq. (3.22) w i l l  be useful to have a 
la rge r  time step. Also, fo r  reasons of e f f ic ie n c y ,  computer-time 
consuming inversions must be avoided. The system of equations generated 
by im p l i c i t  d if fe rence  operators can be most e f f i c ie n t l y  solved by 
s t ru c tu r in g  the d iffe rence  operators so tha t  they can be factored in to  
e a s i ly  inverted  products. Thus, a two time level averaged d i f fe re n c in g  
o f Eq. (3.22) is  given by











O  C\J Ie z  
•1“
4-> to 
(J C  <D 3E
5 - O






to 5  
3o to 
a; c  c: o
<0 *i—



















simultaneous solution direction of N-2 equations 
with N-2 unknowns (M-l times)
(n+1/2 th time level)
1 2  3 . . .  j-1  j  j + 1 ..................N-l N
Y-SWEEP
direction of y-sweep 
« = >
(n+1 th time level)
1 2 3 • J-1 j  j+1 N-l N
(Boundary values on j= l ,  j=N, and k=M are specified as zero)
Fig. 3.4 Sketch of the application of the alternating direction 
implicit technique on a uniform grid.
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6 = Y j-  (E+1 -  E_1)p 2 Ap v p p 1
sx t ^ T ' 4  ( ^ x x  ^  6P + 6pp)(
where f i n i t e  d iffe rence operators are given as [34]
[0 ( Ap2 ) ] (cen tra l)
6x t  = AxAt U - E ^ H l - E x 1) + 0 (A x) ]  (backward)
6.... = — ^-77 (E 1 -  2 + E*1) [o(Ax2 ) ]  (cen tra l)
A  A





Here the s h i f t in g  operators are defined by
E * 1 $ ( n )  =  $ ( n ± 1 )  
t  j , k  j , k
e“  * (nJ = » (.;> „x j , k  j± l , k
E*1 = *<"> .p j , k  j , k ± l
w ith  t  = nAt, x = jAx, and p = kAp . In the above, 6 is  kept f i r s t  
order accurate fo r  s im p l ic i ty .  An approximate fa c to r iz a t io n  of Eq. 
(3.23) is  obtained in the fo llow ing  way [3 4 ] :
K  " ^ 7  T7T  6 "  ^  6 ) vv x 2 kAp p 2 pp' j , k( n+ V2 )
= ( 6y ~ ITT  6 + ^  6 + A tP6 ) ®(-niv x 2 kAp p 2 pp x x '  j , k
( 6X - - T  ^ x x )  * j , k
(n+1) _ - *(n+ V2 ) _6 . x j , k
Qc ,  n)r, Po .




6 = TT- (1-E_1) x Ax  ̂ x J [ 0 (Ax)] (backward)
To show th a t  Eqs. (3.24) and (3.25) represent an approximate fa c to r -
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iz a t io n  to Eq. (3.23) 6 *6 = 1 is  inserted between (6 -  4 - t4— 6 - 4 - 6  )  ̂ x x x 2 kAp p 2 pp
and ^ ) - j n Eq. (3 .24), and , then 6 $ 4 *  ^  is  e lim ina ted using
J ,  K X J ,  K
Eq. (3.25) w ith  the re s u l t
(5 " -P TT~ 6 " 4^ 6 )6_1[ ( 6 - 4 ^ P S  )$("+ 1 ) +4^P6 3>(nhx 2 kAp p 2 pp' x “  x 2 K x x ; jk  2 K xx j , k J
= ( 6 + 4~ -4— 6 + 4 ^ 6  + Atp6 ) $ [ n l  (3.26) ̂ x 2 kAp p 2 pp K x x 1 j , k
A lgeb ra ica l ly  rearranging terms
r .  At 1 At At . 1 Jn+1)
6  -  -s —  t t ~  6  -  -7 7 -  6  -  r r ~  6 6  ] <T>. ,x 2 kAp p 2 pp 2 x x ; j , k
r *  A t  1 & ^  A t  x. ±  A t  i  J n )= 16 -  -s- t t — 6 + t— 6 +TT-66 J <&• , ̂ x 2 kAp p 2 pp 2 x x ; j , k
-  -  ( f 2)P ^  ^ k 11 (3-27)
Upon d iv id in g  Eq. (3.27) by At , i t  is  noted th a t  the e rro r  terms are
2
OfAt2 $ .)  and 0(44 $ J  .v ppx t '  ̂Ap p x t '
3.2.2 Algorithm fo r  the One-Dimensional Non-Linear Equation
An in v is c id ,  one-dimensional, non linear equation (Burger's 
equation) is  given below in  terms of the v e lo c i ty  po ten t ia l [3 4 ] .  
Construction o f an im p l i c i t  f i n i t e  d i f fe rence  scheme w ith  shock 
capturing properties is  presented. The p e r t in e n t  equation is  w r i t te n  as
($ h  + ($ 2 ) = 0  (3.28)
X t  X X
Equation (3.28) is  expressed in d iffe rence  form as
6 + + D f .  = 0 (3.29)x t  j , k  x j
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where
f .  -  f M ( n + 1 ) , «.( n ) )
J x i  XJ
and
®x. - [*j+v2 '  W 2]/ix (3-30)
9
The quan tity  f -  is  some d iffe rence  approximation fo r  ($ ) 9 and the
a x
d if fe rence  operator Dx remains to be s p e c i f ie d .  To avoid i t e ra t io n  a t
(n+1)
j
Taylor series expansion of ( ^ n+1^ )2 about is  w r i t te n  as
the n+1 le v e l ,  is  l inea r ized  by expanding in terms of 4> a x .
x . ' x .
j j
^ n+1))2 = ( ^ n ) )2 + 2 ^ n , ( ^ n+1) -  ^ n ) ) + 0(At2 ) (3.31)
j  j  j  J j
For the d iffe rence  scheme, $ is  averaged a t  the n and n+1 time le v e ls ,x
which, along w ith  Eq. (3 .31), gives
f i = I  [ (® in+1)) + ] = ® in) ®‘ n+1) + ° ( At2) (3 -32>
J J J J
Switched d iffe rences can be used whi le mai nta in inc
form by expressing Dx in the form [34]
D f  . = { ( 1-e .) [ f  . 1 . -  f  . 
x j  1 j  L J+V2 J" V2]+ e . . J-1 t f j-- l /z f J




) less or greater
w r i t te n  as
Subsonic po in t:
£j - l  =
0, E . = 0
J
Supersonic po in t:
£J-1 = 1,
e . = 1 
J
Sonic po in t: e . =
J-1
0, e . = 1 
J
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The procedure used in th is  study to maintain conservation form with 
switched d iffe rences can be summarized as fo l low s :
(1) Write the d if fe rence  equation in conservation form as in Eq. 
(3 .29).
(2) L inearize as in  Eq. (3 .32 ).
(3) Then, apply the switching operator DY as in Eq. (3 .33).
A
V io la t io n  of th is  procedure can re s u l t  in  nonconservative d iffe rence 
schemes. Following these steps, a f i r s t  order accurate im p l i c i t  
d i f fe rence  scheme fo r  Eq. (3.28) is  given by [34]
-(n+1) -(n+1) _ r (n) -(n+1)  ̂ ^ _(n) , (n )  , ,-  4>. . = -  AxAtD 14? 4? + $. -  4?. , (3.35)J J-1 x x .  Xj j  j - 1
3 .2 .3  Algorithm fo r  the Low-Frequency Transonic Equation
o f a Slender Body
The factored schemes introduced in Sec. 3.2.1 are combined here 
w ith  the nonlinear mixed d if fe rence  operators o f Sec. 3.2.2 to form a 
complete a lgorithm  fo r  so lv ing Eq. (3 .20 ).
An im p l i c i t  d i f fe re n c in g  of the Eq. (3 .20 ),  by averaging two time 
le ve ls  on a varying g r id ,  can be w r i t te n  as
2B6xt * li T ] ‘  i  “ V 1’ M :;11 + ^ v p6p*(n+1))]j,ki ,3-36>
2 2where B = kM J i  , is  defined by Eq. (3 .40), and the d iffe rence  
operators fo r  (pS ) and 6 ^  are spec if ied  by the re la t io n s
r 1 . , . , 1 ,  2_______  A pk-H t  pk ^ Ep - 0
[ P P P ] j , k  "  (Pk+1 -  P ^ ,  2Pk tP k+ l pk>
v t (1 - eA
2pk lp k ■ pk - l>




sx t  = C -sc^-l t i r - f - ]  
j + i  j - i
In Eq. (3 .36 ),  the quan tity  f ^ n* ^  is  spec if ied  as
J > K
A 'T 11 .  [i-m2 - \  (y+1) n2 
3' k "  2 "  x j , k  x j , k
where
(n+1) _ r (n+1) * (n + l)$
-xj>k w
L inea r iz ing  th is  as in Sec. 3 .2.2 gives
J,K °®x x 0 ,k xj , k
Averaging the term f .  , in the time leve ls  n and n+1, and
J > K
Eqs. (3.37) and Eq. (3.38) in to  th is  averaged quantity  gives
L -,k  = _f
= i  [c(n’ ®(n+1) + (l-n2) ]
2 J - k j , k  "  xj , k
where
c(.n* = — - (y+DK2 ®ln)
J- k x2 "  x j , k
The Dx operator is  defined s im ila r  to the operator in Sec. 3 
i t  can be w r i t te n  as
Dx f j , k  2^xj+ l  Xj-1 ^  ej ^ f j+ V 2 ,k f j - V 2 ,k^
+ £
Jj - l ^ f j -  V2 »k ~ f j -  3 /2 , k ^
(3.37)
(3.38) 
substi t u t i  ng
(3.39)
.2 .2 . Thus, 
(3.40)
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where e. = 0 or 1 fo r  + Cj _ l / 2 k ) >0 or <0 •
Incorpora tion  of d e f in i t io n s  in the a l te rn a t in g  d irec t io n  im p l i c i t  
a lgorithm  gives 
x-sweep:
2B (A t)-16x ( * < ^ 2 )  -  ® $ )  = Dx f j > k  + [ i  6p( p 6 p®( " > ) ] j> k  (3.41)
p -sweep:
2B(At)_16x ( ^ k 1}~ ® j"k 1 /2 )) = j  6p[p6p(®(n+1)-  ®( n ) ) ] } j j k  (3.42)
where
. i  [ c ("> , ( " ♦  v2 1 ]
J ’ j , k  x j , k
t  ̂ 1“ M2 0 , x
c "  -  — r '  ' + 11 * x kx j , k
, i $(n) - ®(n)$(n) _ j + l , k  j  ,k
X . .  1 / . x  -  x  .J+ l /z ,k j+1  j
I t  can be seen tha t the so lu tion  a lgor ithm  is  n o n ite ra t iv e .  The
so lu tion  fo r  the n+1 time level is  obtained d i r e c t ly  a f te r  two sweeps
through the g r id .  On the x-sweep, a m atr ix  is  generated tha t is  lower
tr id ia g o n a l fo r  supersonic points ( e. , = e. = 1) and t r id ia g o n a l
fo r  subsonic po in ts  ( £j _2 = ej  = 3) . For sonic po in ts
( e . ^  = 0, e. = 1) a l l  the en tr ies  are zero in the Dx operator, and
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fo r  shock points ( e = 1, e . = 0) , there are four nonzero en tr ies  in
J J
the Dx operator. On the x-sweep, a quadradiagonal so lver, which is 
s im i la r  to the Thomas a lgor ithm , is  used. On the p-sweep, the only x 
d if fe rences  are in the 6 ^  operator, which is  backward d if fe renced . The 
scheme is  marched from upstream to downstream solv ing a tr id iagona l 
m atr ix  by means of the regular Thomas a lgorithm  fo r  each x=constant l in e  
o f  p -g r id  po in ts .  App lica t ion  o f  the local f low te s t  only in the 
x-sweep increases the computer e f f ic ie n c y  o f  the technique.
3.3 Numerical Considerations Regarding Grid and Boundary Conditions
3.3 .1  Far F ie ld  Boundary Conditions, Grid Spacing and the Choice of 
Relaxation Parameters.
For a body in the uniform f low , the appropriate boundary condition
a t  i n f i n i t y  is  tha t pertu rba tion  v e lo c i ty  should vanish there. Thus,
fa r  f i e l d  boundary cond it ion can be expressed mathematically as
4> •> 0 a t  J + x2' -*■ ® (3.43)
For the numerical s imulation o f wind tunnel f lows, Eq. (3.43) should be
modified as
$ = 0 a t  p = p . „  (3.44a)r WT
4? = 0 a t  x - > + ro (3.44b)
X
where p . is  the distance from the body axis to the wind tunnel w a ll .
W "C
In order to get accurate re s u l ts  the boundary condit ions a t 
i n f i n i t y  should be treated c a re fu l ly .  By using a f a r f ie ld  so lu tion  i t  
would become possible to ca lcu la te  the flow f ie l d  on a f i n i t e  domain
w ith  r e la t iv e ly  less g r id  po in ts , thereby saving computer time and cost 
[3 5 ] .  However, co rrec t s p e c i f ic a t io n  of the fa r  f i e ld  so lu tion  a t  the 
outer g r id  boundaries should y ie ld  the same so lu t ion  near the body as 
though the computational domain were i n f i n i t e .  Furthermore, re f le c t io n
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o f the disturbances from the boundaries should not impinge on the body 
surface. Since to take a l l  these e f fe c ts  in to  account is  a complicated 
task, a simple a l te rn a t iv e  approach is  used fo r  th is  study. The g r id  
boundaries are placed fa r  away from the body so tha t  consideration o f  
the above e f fe c ts  w i l l  not be necessary. Then the value of the 
p o te n t ia l  is  spec if ied  as zero everywhere on the perimeter o f 
computational domain except the x a x is .  Since there is  a s in g u la r i ty  in 
the value o f po ten t ia l $ as p ->• 0 , the boundary cond it ion  on the x axis 
requ ires a special treatment. Reasons fo r  and d e ta i ls  o f th is  treatment 
are presented in the next subsection. Here, i t  is  only mentioned tha t  
p$ = 0 is  incorporated in to  the f i n i t e  d iffe rence  equations everywhere
on the x -ax is  except the in te rv a l between 0<x<l . In the in te rv a l ,  Eq.
(2.84a) is  used as the body boundary cond it ion . So lu t ion  of the steady 
and unsteady transonic po ten t ia l equations show a rap id  va r ia t io n  in the 
region near the body. In order to resolve the so lu t ion  in th is  region a 
g r id  system w ith  f in e  reso lu t ion  must be used. However, i t  is  not 
p ra c t ica l to use a f ine  g r id  everywhere because of the large number o f 
g r id  points required. The use of special subregions w ith  d i f fe re n t  g r id
spacing is  an e f fe c t iv e  way to achieve reso lu t ion  where needed and
allows tremendous f l e x i b i l i t y  in  the choice o f a computational g r id .  
However, in order to assure good resu lts  there are ce r ta in  guidelines in 
g r id  s e le c t io n .  The most important consideration is  tha t the g r id  
spacing vary smoothly. Sudden jumps in  the g r id  size introduce 
subs tan t ia l e rro rs  in to  the d iffe rence  equations. A general guide l ine  
is  th a t  the ra t io  of spacing between adjacent g r id  points should l i e  
between 2/3 and 3/2 [29 ] .
The non-uniform g r id  system used in th is  study provides a f ine  g r id
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Table 3.1 Description o f  the g r id  in the x -d ire c t io n
J X J X
1 -21.56332 33 -0.28750
2 -17.32816 34 -0.26250
3 -13.94003 35 -0.23750
4 -11.22952 36 -0.21250
5 -9.06112 37 -0.18750
6 -7.32639 38 -0.16250
7 -5.93862 39 -0.13750
8 -4.82839 40 -0.11250
9 -3.94021 41 -0.08750
10 -3.22967 42 -0.06250
11 -2.66124 43 -0.03750
12 -2.20649 44 -0.01250
13 -1.84269 45 0.01250
14 -1.55165 46 0.03750
15 -1.31882 47 0.06250
16 -1.13256 48 0.08750
17 -0.98355 49 0.11250
18 -0.86434 50 0.13750
19 -0.76897 51 0.16250
20 -0.69268 52 0.18750
21 -0.63164 53 0.21250
22 -0.58281 54 0.23750
23 -0.54375 55 0.26250
24 -0.51250 56 0.28750
25 -0.48750 57 0.31250
26 -0.46250 58 0.33750
27 -0.43750 59 0.36250
28 -0.41250 60 0.38750
29 -0.38750 61 0.41250
30 -0.36250 62 0.43750
31 -0.33750 63 0.46250
32 -0.31250 64 0.48750
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Table 3.1 Concluded
J X J X
65 0.51250 97 1.31250
66 0.53750 98 1.33750
67 0.56250 99 1.36250
68 0.58750 100 1.38750
69 0.61250 101 1.41250
70 0.63750 102 1.43750
71 0.66250 103 1.46250
72 0.68750 104 1.48750
73 0.71250 105 1.51250
74 0.73750 106 1.54375
75 0.76250 107 1.58281
76 0.78750 108 1.63164
77 0.81250 109 1.69268
78 0.83750 110 1.76897
79 0.86250 111 1.86434
80 0.88750 112 1.98355
81 0.91250 113 2.13256
82 0.93750 114 2.31882
83 0.96250 115 2.55165
84 0.98750 116 2.84269
85 1.01250 117 3.20649
86 1.03750 118 3.66124
87 1.06250 119 4.22967
88 1.08750 120 4.94021
89 1.11250 121 5.82839
90 1.13750 122 6.93862
91 1.16250 123 8.32639
92 1.18750 124 10.06112
93 1.21250 125 12.22952
94 1.23750 126 14.94003
95 1.26250 127 18.32816
96 1.28750 128 22.56332
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near the body, whereas, i t  becomes coarser as the distance from the body
increases. The same g r id  system was employed fo r  the so lu tion  o f both
steady and unsteady transonic equations. A to ta l  o f  128 g r id  points
were used in the x -d i re c t io n .  The equally spaced middle region (F ig.
3.1) is  defined by the in te rv a l -0.5125<x<1.5125 . A g r id  size
o f  Ax=0.025 is  chosen fo r  the uniform gr id  in  the v i c i n i t y  o f the
body. In the regions upstream and downstream o f  the body an unequally
spaced x -g r id  is  constructed w ith  Ax progress ive ly  increasing as the
upstream and downstream boundaries are approached. These regions are
defined by the in te rv a ls  -21.56 <x<-0.5125 in  f r o n t  o f the body
and 1.5125<x<22.56 behind the body. In these regions Ax is  successively
increased by 25 percent as the boundaries are approaced. The g r id
d is t r ib u t io n  in the x d i re c t io n  is  given in  the Table 3.1. For the
present study 75 g r id  points were used in the rad ia l d i re c t io n  and fo r  a
body in  the uniform f low , the outermost ra d ia l  g r id  distance is
spec if ied  as [10]
30
ROUT = — Y j 2 (3.45a)
K
where ROUT is  the name of va r iab le  p ^ used in the program. In Eq.
(3 .45a), the dependence on K allows to extend the outer boundary to
la rge r  distances as Mach number approaches u n i ty .  For K<1, the fac to r  
1/9o f K M s  set equal to one. I f  the flow is  s im u la ting  a wind tunnel
experiment then Eq. (3.45a) becomes
ROUT = WALL (3.45b)
where WALL is  same as p^-
For subsonic flows the f i r s t  50 points are spaced exponentia lly  in 
terms o f  a fa c to r  which is  expressed as [10]





RMATCH = — L * -  fo r  K>1
and
RMATCH = 1 fo r  K<1
D e f in i t io n  of the RIN is  given in the Sec. 3 .3 .2 .  Farther away even 
g r id  spacing is  used up to the outer boundary. For supersonic flows the 
whole g r id  points are spaced exponentia lly  and the fac to r  is  given by 
[ 10]
The s t a b i l i t y  and rate o f convergence o f the re laxa tion  procedure depend 
on the choice of re laxa tion  parameter. In the transonic problem the 
m atr ix  generated by the d iffe rence equations changes with each i te ra t io n  
because of the n o n l in e a r i ty .  Consequently, i t  is  not possible to 
determine the optimum re laxa tion  parameter. Relaxation parameters fo r  
so lv ing transonic equations must be found by numerical experiments. A 
method which works well is  to use a re la xa t io n  parameter in the in te rva l 
1 .5 <u)£<1.9 when the flow is  s u b c r i t ic a l  and a value in the in te rv a l
0.75 <^<0 .95 when there are sonic or supersonic po in ts . The choice
o f  w makes no e f fe c t  when the flow is  s u b c r i t ic a l ;  however, fo r  super- H
c r i t i c a l  and supersonic flows should be s l i g h t l y  less or equal to
1. In Table (3.2) maximum residual e r ro r  o f i t e ra t io n  procedure a f te r  
500 i te ra t io n s  is  presented fo r  d i f f e r e n t  Mach numbers.
For flows w ith  freestream Mach number much smaller than u n i ty ,  
maximum residual e rro rs  are reasonably small a f te r  500 i te ra t io n  
a lthough flows w ith  freestream Mach number la rge r  than un ity  converged
FACTOR = (■R0UT-, 1/49 RIN > (3.47)
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completely before 500 i te ra t io n s .  For subsonic freestreams, only the 
flow w ith  freestream Mach number 0.8 converged before 500 i te ra t io n s .  
For freestream Mach numbers 0.99, 0.999 and 1.01, the use o f  re laxa tion  
parameters = 0.95 and cô  = 1.0 resulted in  r e la t iv e ly  la rge maximum 
res idua l e rro rs  a f te r  500 i te ra t io n s .  Therefore a new set o f re laxa tion  
parameters, = 0.9 and = 0.9 , is  t r ie d  and be tte r  re s u l t  is  
obtained fo r  freestream Mach number 0.99. Calcu lations s tarted to 
diverge a f te r  the 345th i t e ra t io n  step fo r  Mach number 0.999 and the 
250th fo r  Mach number 1.01. However the values of maximum residual 
e r ro r  a t ta ined by the ca lcu la t ion  a t i t e r a t io n  steps 345 and 250 were 
much smaller than those obtained before and as a r e s u l t  o f th is  
ca lcu la t ions  are in te rrup ted  a t  345th and 250th i te ra t io n  steps fo r  Mach 
numbers 0.999 and 1.01, respec t ive ly .  Unsteady ca lcu la t ions  s ta r t  using 
these re s u l ts .
For each freestream Mach number, corresponding values o f transonic
s im i la r i t y  parameter K, and sonic v e lo c i ty  $ are presented in
xsoni c
Table 3.2. The values of sonic v e lo c i ty  are u t i l i z e d  during the 
computations of steady and unsteady embedded supersonic or subsonic 
region boundaries on which local Mach number reaches u n i ty .  Since, a 
change in the sign of the c o e f f ic ie n t  o f the non-l inear term of Eq. 
(2.83) ind ica tes  existence of a t ra n s i t io n  between subsonic and 
supersonic regions, the value of the sonic ve lo c ity  is  obtained by 
se t t in g  th is  c o e f f ic ie n t  equal to zero. This is  formulated as
K - M2 (y+1) $ = 0  ® ' x
Hence sonic ve lo c ity  is  obtained as
$ = - * - £ -----  (3.48)
x sonic M (y+1)

















Table 3.2 Maximum residual e rro r  a f te r  500 i te ra t io n s  fo r  a parabolic 





par a rne ters
“ h












ve loc i ty
$
X soni c
0.8 1.9 1.0 - - converged in 310 i te ra t io n s 36.00 23.4375
0.9 0.95 1.0 33 1 0.0000310 19.00 9.77366
0.95 0.95 1.0 34 1 0.0000329 9.75 4.50139
0.975 0.95 1.0 90 1 0.0000383 4.9375 2.16415
0.9825 0.95 1.0 74 1 0.0001419 3.469375 1.49753
0.99 0.95 1.0 81 34 0.0006138
0.99 0.90 0.90 77 24 0.0002243 1.99 0.846
0.999 0.95 1.0 102 50 0.0590952
0.999 0.90 0.90 107 51 0.0071138* 0.1999 0.08346
0.999 0.90 0.90 106 50 0.0009955
1.01 0.95 1.0 100 1 0.4800137
1.01 0.90 0.90 114 1 0.6897940 -2.01 -0.821
1.01 0.90 0.90 115 1 0.0000764
1.025 0.95 1.0 - - converged in 95 i te ra t io n s -5.0625 -2.0077
1.05 0.95 1.0 - - converged in 25 i te ra t io n s -10.25 -3.87377
1.1 0.95 1.0 - - converged in 15 i te ra t io n s -21.0 -7.23141
1.2 0.95 1.0 converged in 10 i te ra t io n s -44.0 -12.73148
* * :  At 345th i te ra t io n  
: At 250th i te ra t io n
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Thus, the sonic v e lo c i ty  is  same fo r  both the steady and unsteady 
transonic f lows. The expression fo r  the sonic pressure is  obtained by 
s u b s t i tu t in g  th is  expression of sonic v e lo c i ty  in to  Eq. (2 .93). 
Consequently, the sonic pressure is  expressed as
Cpsonic = '  2 t*  ] (3 ‘ 49)SOniC M (y+1)
CO 1
The r e s u l t  o f Eq. (3.49) are useful fo r  comparison w ith  other surface 
pressure c o e f f ic ie n ts .
3.3.2 A pp lica t ion  of the Body Boundary Condition in the A lte rna t ing
D irec t ion  I m p l ic i t  Technique and Successive Line Over Relaxation 
Technique-
According to the small disturbance theory, s a t is fa c t io n  of the 
boundary condit ion on the actual surface is  not necessary. For a 
slender body, the loca tion  to s a t is fy  the boundary condit ion turns out 
to be the body a x is .  Thus the boundary cond it ion  can be s a t is f ie d  by 
spec ify ing  p$ on the body a x is .  I t  is  cons is ten t w ith  th is  
approximation to s a t is fy  the boundary cond it ion a t  some mean pos it ion  of 
the body, instead of the instantaneous loca tion  o f the body. In other 
words, the complete boundary condit ion is  s a t is f ie d  on a s ta t io n a ry  axis 
of u n i t  length which is  independent of geometry and any unsteady motion 
o f the body. This s im p l i f ic a t io n  allows the use of a c y l in d r ic a l  
coordinate system fo r  the so lu tion  of the problem.
Considering s ta t iona ry  pos it ion  of the ax is ,  a method was developed 
which uses a new var iab le  Xp, in the s a t is fa c t io n  of the body boundary 
cond it ion .  The new var iab le  which allows the ax ia l trave l o f the body, 
is  a funct ion  of the two independent var iab les  (x and t )  and in th is  
study i t  is  chosen in the fo l low ing  form representing a sinusoidal
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motion
x = x + A s in t  (3.50)
r
In the programmed form of the method, the e f fe c t  o f the ax ia l
o s c i l l a t io n  motion o f the body as well as the e f fe c t  o f the ax ia l
v a r ia t io n  of the body contour is  incorporated in to  the ca lcu la tions on
the in te rv a l  0<Xp <1 . In the case of steady motion, the method
accounts only the e f fe c t  o f a x ia l v a r ia t io n  o f  the body contour
automati c a l ly .
In Chap. 2, thickness ra t io  x is  defined as the ra t io  of maximum
diameter to the body length. I f  the var iab les  are normalized w ith
respect to the body length , then the maximum value o f  the time dependent
shape function  (R ) becomes 0.5. Hence normalized maximum radius ofmax
the body is  w r i t te n  as
r  = x R = x(0.5) (3.51)max max
In the program, the body boundary cond it ion  is  s a t is f ie d  a t  the 
f i r s t  rad ia l (innermost) g r id  l in e  away from the ax is  of symmetry, in  
order to avoid the s ingu la r  nature o f the p o ten t ia l as p ■> 0 . 
S a t is fa c t io n  of the body boundary condition a t  th is  g r id  l in e  accounts 
fo r  both the local e f fe c t  o f the ax ia l v a r ia t io n  of the body contour and
the time-dependent e f f e c t  of the unsteady motion o f the body.
Therefore, the loca tion  o f the f i r s t  g r id  l in e  is  important fo r  the
s a t is fa c t io n  of the body boundary cond it ion . The best choice of the
f i r s t  g r id  l in e  can be found in the fo llow ing way.
I f  a very accurate so lu tion  is  required then the loca tion  of f i r s t  
ra d ia l  g r id l in e  can be chosen very close to the body ax is . This
a p p l ic a t io n  y ie ld s  a be tte r  reso lu tion  o f  the nose t ip  and t a i l  t ip
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regions. However, fo r  a f ixed  number o f rad ia l g r id  l in e s ,  th is  choice
causes a poor reso lu t ion  of the sonic regions a t  the la rge r  rad ia l
d istances, also increasing the number o f g r id  l ines  resu lts  in  a more
costly  and longer computation.
On the other hand, to place the f i r s t  rad ia l g r id  l in e  fa r th e r  from 
the body surface y ie ld s  a be tte r  reso lu t ion  of the sonic regions but
re s u lts  in a poor reso lu tion  o f the nose and t a i l  t ip  regions. This 
t ra d e -o f f  would ind ica te  tha t proper loca tion  of f i r s t  g r id  l in e  should 
be ne ithe r very close to the body axis nor fa r th e r  from the body 
surface. Consequently, the fo l low ing  form o f the innermost g r id  l in e  
distance which allows f l e x i b i l i t y  in the choice of loca tion  is  adopted.
p. = p = xr ( RCHG) (3.52)Kin 1 max
Here RCHG is  a radius change fac to r  and i t  can be chosen in the in te rva l 
0<RCHG<1 (F ig. 3 .5 ) .  For the present study RCHG is  chosen as 0.75. 
S ubs ti tu t ion  of Eq. (3.51) in to  Eq. (3.52) gives the form used in the 
program
RIN = 0 .5*(TAU*TAU)*RCHG
where RIN and TAU are the names of va r iab les  p. and t as used by the' i  n J
program. On the body axis, the boundary cond it ion is  incorporated in to  
the 6^ (p6p 3>) operator in the fo llow ing  way. F i r s t  a temporary 
rad ia l g r id  l in e  (k= ?j-) representing the body axis between p=0 and 
p =RIN (k= l)  is  defined. Then, using th is  temporary g r id  l in e ,  the 
f i n i t e  d i f fe rence  approximation to the rad ia l d e r iva t ive  on the 
innermost rad ia l g r id  l in e  o f a nonuniform g r id  is  expressed as
i (p6 $ ( n ) ) • 0/0 " ( p6 ) -1/
[ -  6 f p6 $ )] • , = ------2-------h ill---------E-------hl2
LP PLP P JJJ,1 P2 _ P
K —
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fo r  0<x<l (3.53)
where n denotes the time le v e l .
Here
and
p2 "  po = 2( p3/2 ■ PV2 }
P3/2 = 2  ̂P2 + Pl^
are used as approximations in the de r iva t ion  of Eq. (3 .53). Outside of 
the in te rv a l 0<x<l, the value of (kRR + RR ) becomes zero which is
X X
cons is ten t w ith  the sp e c i f ic a t io n  of the body boundary cond it ion . 
Hence, employing Eq. (3 .53 ),  the body boundary cond it ion is  incorporated 
in to  the a l te rn a t in g  d i re c t io n  im p l i c i t  a lgorithm  as
x- sweep:
fo r  0<x<l (3.54)
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p -  sweep :
n  cV i ; V i ) [(.‘"i1’ - ) - e f t * 1- *<"!>')]
■ 7  I t p ^ I  - ^ I 1’ ) - W  '  •$>»
+ ----- 1   r [(k  RR + RR ) (.n+1)Px lP2 - PQJ U t  X̂ J
- (k RR + RR ) (.n ) ] fo r  0<x<l (3.55)
L X J
where f . , , Ĉ .n? and $ ^  are the same as before.
J j K  J > K Xj.  k
I t  should be noted tha t in p-sweep , the body boundary condit ions of
time leve ls  n and n+1 which correspond to arrays TOSSl(J) and T0SS2( J )
in the program are incorporated in Eq. (3.55) e x is t in g  together.
For steady flow Eq. (3.53) reduces to
t p  6 p  ^ p 6 p ® ^ j , l  P i ( P 2 “  P 0 )  ^ 2 ( p 2 ~  P l ) K * j i 2  ® j s i .
2 (RR ) fo r  0<x<l (3.56)
p i { p 2 -  P0 ) x .
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In th is  chapter, computed resu lts  based on the theory developed in 
Chaps. 2 and 3 are presented. Steady s ta te  re laxa tion  so lu tions  are 
used to i n i t i a t e  the unsteady computations. In teg ra t ion  time steps are 
normally chosen as A t= l°  , corresponding to 360 time steps per cycle of 
o s c i l la to r y  motion. Only a t  freestream Mach number 0 .8 , computations 
converged w ith  the choice of At=1.5° . In order to show the e f fe c t  o f 
time step size on the s t a b i l i t y  o f computations, three d i f f e r e n t  time 
steps, namely At=1.5°, At=l° , and At=0.75° , are used to compute the 
unsteady flow f ie ld  a t  Mach number 0.99.
Computations of the time-dependent surface pressure d is t r ib u t io n s  
and time-dependent embedded supersonic or subsonic regions are performed 
fo r  d i f f e r e n t  Mach numbers in the transonic range while keeping certa in  
physical parameters of the flow such as thickness r a t io ,  o s c i l la t io n  
amplitude and reduced frequency constant. In order to demonstrate the 
e f fe c t  of using higher reduced frequency parameter on the unsteadiness 
feature  of the re s u l ts ,  one computation is  repeated fo r  freestream Mach 
number 0.9825 fo r  k = 0.5. Computations are also performed (a) fo r  a 
very low value of reduced frequency (k=0.001), (b) under the wind tunnel 
cond it ions (pWy= 0*2) , and (c) fo r  the zero i n i t i a l  values o f the 
unsteady f low f ie ld  while keeping other parameters constant. For these 
cases, the freestream Mach number is  chosen as 0.8 since th is  requires a
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smaller number of time steps to complete one cycle o f o s c i l la to ry  
motion.
The computations w ith th e ir  corresponding job names are tabulated 
in Table 4.1. A l l  jobs were run on a NASA-Langley CY173 computer. In 
the computations, the parameters which are not mentioned in Table 4.1 
are kept a t  constant values unless otherwise ind ica ted . These values 
are l is te d  in Table 4 .2 . A l l  the f igu res presented in th is  chapter were 
made on a CalComp p lo t te r  d i r e c t ly  from computed resu lts  by means of a 
one-ca ll p lo t t in g  routine INFOPLT.
In Sec. 4.1, a discussion of re su lts  obtained from the computations 
of time-dependent surface pressures is  presented. This is  followed by 
another discussion o f re su lts  obtained from the computations of the 
time-dependent embedded supersonic or subsonic regions in Sec. 4 .2. 
F in a l ly ,  in Sec. 4.3 the t im e -h is to r ie s  o f computations fo r  ce rta in  
cases are discussed.

















Table 4.1 L is t  o f Computations fo r  a Parabolic Arc o f Revolution w ith  Thickness Ratio 0.1
Job
#











p lo ts  o f 
pressure 





1 BNCQFYM 0.8 240 260 20 1751 u>E = 1.9
2 BNBQROB 0.8 240 120 20 1093 u>E = 1.9, k = 0.001
3 BNBQROC 0.8 240 120 20 1402
y  i - 9* pwt= 0,2
4 BNBQROE 0.8 240 120 20 1087 a>E = 1.9 , zero i n i t i a l  
values fo r  unsteady 
computations
5 BJAILNQ 0.9 360 540 30 3450 -
6 BJAIPYK 0.95 360 540 30 3452 -
7 BNBQKDB 0.975 360 360 30 2555 -
8 BNBQTEB 0.9825 360 360 30 2509 -
9 BNBQUQM 0.9825 480 480 40 3037 k=0.5


















Table 4 .1  concluded
Job
#








p lo ts  of 
pressure 








p lo ts  of 
pressure 
c o e f f ic ie n ts
11 BJAIABR 0.99 360 390 30 2668 -
12 BJAIIIM 0.99 480 760 40 - Time l i m i t  exceeded a f te r  445th
time step
13 BNBQADV 0.99 360 360 30 2545
“ e =
0.9,
= ° - 9
14 BNBQADW 0.999 360 360 30 2307 to = 
E
0.9, to = 0.9, N = 345 
H max
15 BNBQKIE 1.01 360 360 30 2040 “t  = 0.9, <4, = 0 .9 , N = 250 H  max
16 BNBQPZD 1.025 360 360 30 1778 -
17 BNBQ0E0 1.05 360 360 30 1747 -
18 BJAITGQ 1.1 360 390 30 1839 -
20 BJAILEX 1.2 360 390 30 1835 -
COCTi
87
Table 4.2 Values o f parameters which are 
kept constant in Table 5
Body thickness ra t io  ( x) 0.1
Relaxation fac to r  fo r  subsonic points (w ) 0.95
Relaxation fac to r  fo r  supersonic points (w )
H 1.0
Number of maximum i te ra t io n s  (Nmax) 500
Reduced frequency parameter (k) 0.05
O s c i l la t io n  motion amplitude (A) 2.0
Innermost rad ia l g r id  distance ( p ^ ) 0.00375
Location of f i r s t  x -g r id  po in t (x^) = -21.56332
Location of la s t  x -g r id  po in t ^xi28^ = +22.56332
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4.1 Discussion of the Time-Dependent 
Surface Pressure C oe ff ic ien ts
In th is  sect ion , three groups of re s u lts  are presented. The 
re s u lts  of a search to determine the optimum size of the time steps are 
presented in the f i r s t  group (F igs. 4 .1 -4 .3 ) .  The re su lts  fo r  d i f fe r e n t  
freestream Mach numbers (ranging from purely subsonic values to purely 
supersonic values) fo r  f ixed  values o f the other parameters are 
presented in the second group (F ig . 4 .4 -4 .10 ).  To demonstrate the 
e f fe c t  o f higher reduced frequency parameter, the computation is  
repeated fo r  freestream Mach number 0.9825 and k = 0.5; the resu lts  are 
presented in F ig. 4 .6 f .  Also, fo r  freestream Mach number 0.999 
experimental re s u lts  ava i lab le  in [25 ] are compared w ith  the 
computational re s u lts  of steady flow in  Fig. 4 .7 f .  The resu lts  fo r  the 
freestream Mach number 0.8 are presented in the th ird  group under 
d i f f e r e n t  condit ions (F ig. 4 .11-4.13). A l l  re s u lts  presented in these 
groups are of surface pressure c o e f f ic ie n t  versus body length. The 
s o l id  l ines  represent the so lu tions computed from the unsteady transonic 
small disturbance equation. Since no transonic unsteady surface 
pressure measurements fo r  a body of revo lu tion  have been reported in the 
l i t e r a tu r e  unsteady pressures are compared w ith  steady pressures only. 
The cross symbols represent the so lu tions computed from the steady 
transonic  small disturbance equation. The corresponding values of the 
sonic pressures which are obtained from Eq. (3.49) fo r  each freestream 
Mach number are also presented fo r  comparison. The pressure 
c o e f f ic ie n ts  are p lo tted  along the non-dimensional ized body length from 
nose t ip  (x=0.0) to t a i l  t ip  (x=1.0) representing the body surface. In 
these f ig u re s ,  the values of the parameters used in the computations are
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Fig. 4.1 Development o f  unsteady pressure c o e f f ic ie n ts  fo r  an a x ia l ly  
o s c i l l a t i n g  parabo lic -a rc  body ( t=0.1 , M =0.99, 240 nspc), 
(a ) :  t  = 30°.
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Fig. 4.1 (b ) :  t  = 60°.

















Fig. 4.2 Development o f  unsteady pressure c o e f f ic ie n ts  fo r  an
a x ia l l y  o s c i l la t in g  pa rabo lic -a rc  body (x=0.1, M =0.99, 
360 nspc ) ,(a ) :  t  = 30°.
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Fig. 4.2 (b ) :  t  = 60°.
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Fig. 4.2 (c ) :  t  = 90°.
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Fig. 4.2 ( d ) : t  = 180°.













Fig. 4.2 (e ) :  t  = 270°.
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Fig. 4.2 ( f ) :  t  = 300°.












-+± + + + 2-
1.0.8.6.4.20
BODY LENGTH
Fig. 4.2 (g ) :  t  = 330°.
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Fig. 4.3 Development o f  unsteady pressure c o e f f ic ie n ts  fo r  an
a x ia l l y  o s c i l la t in g  pa rabo lic -a rc  body (x=0.1, M =0.99, 
480 nspc) ,(a ) :  t  = 30°.
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Fig. 4.3 (b ): t  = 60°.
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Fig. 4.3 (c ) :  t  = 90°.
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Fig. 4.3 (d ): t  = 180°.
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Fig. 4.3 (e): t  = 270°.
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Fig. 4.3 ( f ) :  t  = 300°.
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Fig. 4.3 (g ) :  t  = 330°.
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Fig. 4.4 Development o f  unsteady pressure c o e f f ic ie n ts  fo r  an 
a x ia l l y  o s c i l la t in g  pa rabo lic -a rc  body ( t = 0 . 1 ,  M = 0 . £  
240 nspc, u>E=l .9) , ( a ) : t  = 30°.
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Fig. 4.4 (b ) :  t  = 90°.
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0 .2 .6 .8 1.0BODY LENGTH
Fig. 4.4 (c ) :  t  = 180°.
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Fig. 4.4 (d ): t  = 270°.
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Fig. 4.4 (e ) :  t  = 360°.
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Fig. 4.5 Development o f  unsteady pressure c o e f f ic ie n ts  fo r  an
a x ia l l y  o s c i l l a t in g  parabo lic -arc  body (x=0.1, M =0.95), 
(a ):  t  = 30°.













Fig. 4.5 (b ): t  = 90°.
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Fig. 4.5 (c ) :  t  = 180°.
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Fig. 4.5 (d ) :  t  = 270°.












+ + + + + +
1.0.8.6.20 BODY LENGTH
Fig. 4.5 (e): t = 360°.
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Fig. 4.6 Development of unsteady pressure coefficients for an
axially oscillating parabolic-arc body ( t =0.1, M =0.9825), 
(a): t  = 30°.
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Fig. 4.6 (b): t  = 90°.
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Fig. 4.5 (c): t = 180°.
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Fig. 4.6 (d ): t  = 270°.
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Fig. 4 .6  (e ) :  t  = 360°.
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Fig. 4.6 ( f ) :  Development o f  unsteady pressure c o e f f ic ie n ts
fo r  an a x ia l l y  o s c i l la t in g  parabo lic -a rc  body 
( T=0.1 , MJO=0.9825, k=0.5), t  = 30°.
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Fig. 4.6 (g): t  = 90°.
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Fig. 4.6 (h): t  = 180°.





















0 .2 .4 -6 .8 1.0
BODY LENGTH
Fig. 4.6 ( i ) :  t  = 270°.
















2 5 ------------- UNSTEADY
+ + + + STEADY
+ +
0
+ + + + +
2 5
5 0
0 • 2 • 4 • 6 .8 1.0
BODY LENGTH
Fig. 4.6 ( j ) : t  = 360°.
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Fig. 4.7 Development o f  unsteady pressure c o e f f ic ie n ts  fo r  an
a x ia l l y  o s c i l l a t in g  pa rabo lic -a rc  body (t =0.1, M =0.999, 
a)F=0.9, u)h=0.9, nmav=345), (a ) :  t  = 30°.max
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Fig. 4.7 (b ) :  t  = 90°.
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Fig . 4.7 ( c ) :  t  = 180°.
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Fig. 4.7 (d ): t  = 270°.


















Fig. 4.7 (e) :  t  = 360°.
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Fig. 4.7 ( f ) :  Comparison o f  steady and experimental pressure
c o e f f ic ie n ts  fo r  an s ta t io n a ry  parabo lic -a rc  
body ( T = 0 .1 , M „=0.999,«=0.9 ,«H=0.9, nmax=345)
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Fig. 4.8 Development o f  unsteady pressure c o e f f ic ie n ts  fo r  an
a x ia l l y  o s c i l l a t i n g  pa rabo lic -a rc  body ( t = 0 . 1 ,  M = 1 . 0 1 ,  
u)c=0.9, a =0.9, nm =250), (a) :  t  = 30°. °°
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Fig. 4.8 (b) t  = 90°.













Fig. 4.8 (c ) :  t  = 180°.
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Fig. 4.8 (d) :  t  = 270°.
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Fig. 4.8 (e) t  = 360°.

















Fig. 4.9 Development o f  unsteady pressure c o e f f ic ie n ts  fo r  an 
a x ia l l y  o s c i l l a t in g  parabo lic -a rc  body(x=0.1, M =1.05) 
(a) :  t  = 30°.


















Fig. 4.9 (b) :  t  = 90°.
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Fig. 4.9 (c ) :  t  = 180°.
















Fig. 4.9 (d) :  t  = 270°.
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Fig. 4.9 (e) :  t  = 360°.

















Fig. 4.10 Development of unsteady pressure coefficients for an 
axially oscillating parabolic-arc body (t=0.1, M =1.2) 
(a): t  = 30°.
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Fig. 4.10 (b): t  = 90°.
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Fi g. 4.10 (c ): t  = 180°.
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Fig. 4.10 (d): t = 270°.
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Fig. 4.10 (e): t  = 360°.

















Fig. 4.11 Development o f  unsteady pressure c o e f f ic ie n ts  fo r  an 
a x ia l l y  o s c i l l a t in g  pa rabo lic -a rc  body (t=0 .1 , M =0.8, 
240 nspc, k=0.001, to = 1 .9 ) , ( a ) : t  = 30°.
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Fig. 4.11 (b ): t  = 90°.
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Fig. 4.11 (c ) :  t  = 180°.
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Fig. 4.12 Development unsteady pressure c o e f f ic ie n ts  fo r  an
a x ia l l y  o s c i l l a t i n g  pa rabo lic -a rc  body ( x=0.1, M =0.8, 
240 nspc, pwt=0.2, <oe=1.9), (a ) :  t  = 30°.
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Fig. 4.12 (b ) :  t  = 90°.
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Fig. 4.12 (c ) :  t  = 180°.
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Fig. 4.13 Development o f  unsteady pressure c o e f f ic ie n ts  fo r  an 
a x ia l l y  o s c i l la t in g  pa rabo lic -a rc  body ( t = 0 . 1  ,  M c o = 0 . 8 ,  
240 nspc, zero i n i t i a l  values, 0)^=1.9),( a ) : t  = 30°.
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Fig. 4.13 (b ) :  t  = 90°.
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Fig. 4.13 (c ) :  t  = 180°.
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s p e c i f i e d  in  Table 4 .2  un less  o the rw ise  i n d i c a t e d .
The f i r s t  group of resu lts  are presented in Figs. 4.1, 4.2, and 
4 .3 . In these f igu res  the e f fe c t  of time step size on the s t a b i l i t y  o f 
computations can be examined. Values of the parameters used in these 
computations are same except the time step s ize . As i t  can be seen from 
Table 4 .1 , tha t three d i f f e r e n t  step size are t r ie d .  Computations 
diverged a f te r  t=60° as a consequence o f using At=1.5° (Figure 4 .1 ) ;  
the tendency to diverge emerged near the shock lo c a t io n .  Using At=1.0° 
did not cause computations to diverge; however, there are s l ig h t  
anomalies in the shape o f shocks espec ia l ly  a f te r  t=180° (Fig. 4 .2 ) .  
Smooth and phys ica l ly  more r e a l i s t i c  shocks are obtained in Fig. 4.3 by 
using At=0.75° . However, because of using the small time step, time 
l i m i t  was exceeded before completing one f u l l  period. Therefore, i t  is  
concluded tha t in order to avoid cost ly  and lengthy computations optimum 
step size fo r  th is  body should be chosen as 1° fo r  the flows with 
shocks.
The second group o f resu lts  were obtained to study the influence of 
increasing freestream Mach numbers from M = 0.8 (purely subsonic) to 
= 1.2 (purely supersonic) while keeping other parameters a t  the 
constants values as given in Table 4.2 except fo r  freestream Mach number 
0.9825. Spec if ic  re s u lts  were obtained fo r  M^ = 0.8, 0.9, 0.95, 0.975, 
0.9825, 0.99, 0.999, 1.01, 1.025, 1.05, 1.1 and 1.2. However, fo r  the 
sake of b rev ity  re s u lts  are presented here only fo r  the freestream Mach 
numbers, Mra = 0.8, 0.95, 0.9825, 0.999, 1.01, 1.05 and 1.2 in Figs. 4.4 
- 4.10, respec t ive ly .  For t  = 30° a l l  these re s u lts  are discussed below 
in a systematic manner.
As the freestream Mach number gradually  increases, the
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corresponding values o f the sonic pressure a lso increase from lower to 
higher values and pressure c o e f f ic ie n ts  become more negative. There is  
no shock formation in the flow fo r  the freestream Mach number 0.8 (F ig. 
4 .4 ) .  A lso, note th a t  sonic pressure leve l is  below the minimum 
pressure value. For the flow with freestream Mach number 0.95, the
sonic pressure level reaches to the minimum value of the pressure curve 
and a small shock formation is  seen (F ig . 4 .5 ) .  For the flow with 
freestream Mach number 0.9825, the shock becomes stronger and i t  is  
located fa r th e r  downstream (Fig. 4 .6 ) .  Also, the pressure c o e f f ic ie n t  
is  more negative than before. These trends continue as the freestream 
Mach number increases toward un ity .  For the flow  w ith  freestream Mach 
number 0.999 the trend o f the pressure c o e f f ic ie n t  reverses and i t
becomes less negative although the shock moves again fa r th e r  downstream 
(F ig . 4 .7 ) ;  a lso, the shock becomes weaker. For freestream Mach number 
0.999, a comparison of experimental and steady computational resu lts  is 
presented in Fig. 4 .7 f .  The location of the shock wave obtained from 
the computation is  fa r th e r  downstream than the experimental loca tion . 
This p a r t ly  because viscous e ffec ts  o f the body-s tr ing  junc tion  (the 
body is  truncated a t  x = 0.854 to permit mounting the s t ing ) cause shock 
loca tion  to move upstream. Another reason is  the wind-tunnel wall 
in te r fe rence  which is  p a r t ic u la r ly  im portant near Mach number 1.
Experimental data are not corrected fo r  the tunne l-wa ll in te rfe rence 
e f fe c ts  [2 6 ] .  At the upstream o f the shock, experimental and 
computational re su lts  agree f a i r l y  w e l l .  For the flow w ith  freestream 
Mach number 1.01, th is  s i tu a t io n  becomes more prominent (Fig. 4 .8 ) .  In 
the next f igu re  the shock is  in the same loca tion  but i t  has nearly 
disappeared. For the flow with a freestream Mach number 1.2, the
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pressure c o e f f ic ie n t  becomes less negative and there is  no shock (F ig . 
4 .10).
The th i r d  group o f re s u lts  are obtained fo r  the flow w ith
freestream Mach number 0.8 under three d i f f e r e n t  cond it ions. This 
freestream Mach number is  selected because i t  a llows use o f the sm allest 
possib le  time step. A l l  three computations are performed fo r  h a l f ­
period time. A l l  other parameters are assumed to be constant as given 
in Table 4.2 except the f i r s t  computation. For th is  computation, the 
reduced frequency parameter is  chosen as k = 0.001. The re su lts  are 
presented in Figs. 4.11-4.13.
The unsteady pressure c o e f f ic ie n t  re s u l t in g  from a very low value
o f the reduced frequency is  presented in  F ig. 4.11. As i t  can be seen
th a t  the unsteady pressure c o e f f ic ie n ts  are almost same as steady
pressure c o e f f ic ie n t  a t  every time in s ta n t .  This proves tha t as k
decreases towards zero, in the l i m i t  the unsteady equation becomes
equ iva len t to steady equation. The unsteady pressure c o e f f ic ie n t
re s u l t in g  from the wind tunnel cond it ions ( i . e .  p = p = $ =  0 a t  a Mout Kw t’ r
Pwt and 4>x = 0 a t  x-> ± “ ) are presented in  F ig . 4.12. Results are 
in d is t in g u is h a b le  from the resu lts  o f Fig. 4.4 although there is  a small
res idua l e r ro r  a t  the end of the 500th i t e r a t io n  fo r  th is  case. From
t h is ,  i t  is  deduced th a t  the technique is  p e r fe c t ly  capable o f 
s im u la ting  wind tunnel experiments as long as the tunnel wall is  
s u f f i c ie n t l y  fa r  away so tha t there is  no wall in terference e f fe c t  on 
the body. The unsteady pressure c o e f f ic ie n ts  resu lt in g  from using zero 
i n i t i a l  values fo r  unsteady computations are presented in F ig. 4.13. 
Again, re s u lts  are almost in d is t in gu ish ab le  from the resu lts  of F ig. 4.4 
a t  a l l  time in s ta n ts .  A time h is to ry  of these p a r t ic u la r  resu lts  are
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
158
also given in Sec. 4.3. As a consequence of th is  s i tu a t io n ,  i t  can be 
said th a t  the use o f  steady computations to i n i t i a t e  unsteady 
computations are not necessary. Nevertheless, computation o f the steady 
f low f i e l d  is  espec ia l ly  useful fo r  comparing the unsteady pressure 
c o e f f ic ie n ts  w ith  steady pressure c o e f f ic ie n ts  since there are no other 
a l te rn a t iv e s .  Furthermore, i f  the computing o f the c i r c u la t io n  was 
requ ired , then not s ta r t in g  from the steady values could have a ffec ted  
the accuracy of the c i r c u la t io n  a t  the i n i t i a l  stages of the unsteady 
computations.
Up to th is  p o in t ,  the re s u lts  were obtained to in ves t iga te  the 
e f fe c ts  o f various parameters on the pressure c o e f f ic ie n t  and nothing 
has been said about the time-dependent development o f the unsteady 
pressure c o e f f ic ie n ts .  The physical in te rp re ta t io n  o f the unsteady 
pressure c o e f f ic ie n t  fo r  a freestream Mach number o f  0.9825 ( in  
accordance with the o s c i l la t io n  motion sequence) is  given as a typ ica l 
example in  the remainder of th is  section (Fig. 4 .6 ) .
From t=0° to t=90°, the body moves aga inst the incoming f low . The 
e f fe c t iv e  v e lo c ity  on the body is  greater than the freestream 
v e lo c i ty .  Therefore, the unsteady pressure is  more negative than the 
steady pressure (F ig . 4 .6a). The resu lts  of F ig. 4.6b correspond 
to t=90° . At th is  in s ta n t  the body comes to a stop. Therefore, steady 
and unsteady pressures are almost the same as i l lu s t r a te d  in the 
f igure.From t=90° to t=270° the body moves in the flow d ire c t io n  f i r s t  
acce le ra t ing  then dece le ra t ing  in accordance w ith  the sinusoidal 
motion. The e f fe c t iv e  v e lo c i ty  on the body is  smaller than the 
freestream v e lo c i ty .  The body a t ta in s  the minimum e f fe c t iv e  v e lo c ity  
a t  t=180° which corresponds to Fig. 4.6c. In th is  f ig u re  the unsteady
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pressure is  more pos it ive  than the steady pressure and the shock is
weaker than a t  any other time. At t=270° , the body again comes to a 
stop, and the unsteady and steady pressures are almost the same as 
i l lu s t r a te d  in Fig. 4.6d. F in a l ly  from t=270° to t=360° , the body 
accelerates against the incoming flow and the e f fe c t iv e  v e lo c i ty  on the 
body is  again greater than the freestream v e lo c ity .  The maximum value 
o f the e f fe c t iv e  v e lo c ity  is  a t ta ined a t  t=360° which corresponds to 
F ig . 4.6e. The unsteady pressure is  most negative and the shock is
s trongest as i l lu s t r a te d  in the f ig u re .  The re s u lts  o f another
computation peformed fo r  the same freestream Mach number (w ith  k = 0 .5 ) ,  
are i l lu s t r a te d  in Figs. 4 .5f - j . I t  is  seen tha t  unsteadiness become
moe dominant fo r  higher reduced frequency. The trend of f lu c tu a t io n  
pa tte rn  of the pressure c o e f f ic ie n ts  remain the same. However, a time 
lag between the unsteady motion and the re s u lt in g  pressure f lu c tu a t io n  
a r ises  (Figs. 4.6g and 4 .6 i ). Since the body comes to a temporary stop 
a t  these time ins tan ts ,  the steady and unsteady pressure c o e f f ic ie n ts  
should be the same. This time lag is  caused by a term in the pressure 
c o e f f ic ie n t  expression which represents sinusoidal acce le ra t ion  or
dece lera t ion  of the unsteady motion. The reason th is  time lag does not 
appear fo r  k = 0.05 is  tha t  the c o e f f ic ie n t  o f th is  term becomes 
s u f f i c ie n t l y  small. Also, an upstream shock motion appears in the f i r s t  
h a l f  of the period (Figs. 4 .6 f -h ) ,  and the shock motion reverses i t s  
d i re c t io n  in the second ha lf  o f the period (Figs. 4 .6 i —j ) .  Also, note 
th a t  there is  a s l ig h t  d i f fe rence  between the unsteady pressure 
c o e f f ic ie n ts  in Figs. 4 .6 f  and 4.6 j . This is  because the time 
d if fe rence  between these f igu res  is  less than one f u l l  period.
In the other f igu res of the unsteady pressure c o e f f ic ie n ts ,  the
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same pattern  repeats fo r  subsonic values o f  the freestream Mach 
numbers. A s im ila r  pattern is  observed fo r  the supersonic values of the 
freestream Mach number, however, the shocks embedded in the flow f ie ld  
are not as d i s t i n c t  as in the subsonic freestream case.
4.2 Discussion of the Time-Dependent Embedded 
Supersonic and Subsonic Regions
In th is  section resu lts  obtained from the computations o f time- 
dependent supersonic or subsonic regions which are embedded in to  the 
otherwise e n t i r e ly  subsonic or supersonic f low f ie ld s  are presented in 
Figs. 4.14 -  4.18. Flow parameters are given in Table 4.2 unless 
otherwise ind ica ted and the freestream Mach number is  gradually  
increased from 0.95 to 1.05. Since such regions do not e x is t  in  the 
purely subsonic or supersonic f low , the number of the p lo ts  of the 
embedded regions are less than those of the pressure c o e f f ic ie n ts  
belonging to the second group o f the previous section . The time 
dependent re su lts  are again compared w ith  those obtained from the 
steady state re laxa tion  so lu t ion  because there are no experimental 
measurements of the time-dependent embedded regions ava i lab le  in the 
1i te ra tu re .
On the boundaries of the embedded subsonic or supersonic regions, 
the local Mach number becomes equal to one regardless of the value o f 
the freestream Mach number. For th is  reason the boundaries of the 
embedded regions are also ca lled sonic l in e s .
The boundaries of these regions are computed by comparing v e lo c ity  
components of the local points in the x -d ire c t io n  w ith the value o f the 
sonic v e lo c ity  obtained from Eq. (3.48) fo r  the e n t ire  f low f i e l d .  
These boundaries around the slender body are shown in Figs. 4.14 -
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4.18. The resu lts  correspond to any one of the meridian planes passing 
through the body axis which is  same in  a l l  d i re c t io n s  because of the
ro ta t io n a l  symmetry. The rad ia l distance is  the non-dimensional 
transonic  coordinate p , which is  re la ted  to the non-dimensional 
physical rad ia l distance r  by the re la t io n s h ip ,  p=xr . The slender body 
surface is  represented by the in te rv a l  p = 0, CKx<l on the body a x is .  
The body axis is  extended from x = -0.25 to x = + 1.25 in order to p lo t  
the complete shape of embedded regions. The time-dependent embedded
regions are computed a t  t=180° and t=360° fo r  each freestream Mach
number and compared to the steady embedded regions which correspond 
to t=0° , in  each frame.
The flow w ith  freestream Mach number 0.80 is  purely subsonic and 
there is  no embedded region. For the freestream Mach number o f 0.95, 
there is  a small embedded supersonic region near the midpoint o f the 
body (F ig . 4 .14). In order to magnify th is  small region, rad ia l ax is is  
scaled up by a fa c to r  of fou r.  For the freestream Mach numbers 0.9825, 
the embedded supersonic region extends to a large distance and reaches 
almost i n f i n i t y  fo r  the freestream Mach number o f 0.999 (F igs. 4.15 and 
4.16 re s p e c t iv e ly ) .  As a consequence o f having very large embedded 
reg ion , rad ia l axis is  scaled down by a fa c to r  o f 0.5 in Fig. 4.16. For
supersonic freestream Mach numbers, a bow shock appears in the upstream
i n f i n i t y ,  approaches to the nose t ip  of the slender body and merges with 
the large supersonic region crea ting  o f an encompassed subsonic region 
in f ro n t  o f the body. The subsonic region a t  the rear of the body is  
also l im i te d  by an expansion wave which makes the flow supersonic in the 
downstream. Consequently, fo r  the freestream Mach number of 1.01, there 
are two embedded subsonic regions in the f lo w f ie ld  (Fig. 4.17) For the
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freestream Mach number of 1.05 these regions become very small (F ig. 
4 .18). Consequently, rad ia l ax is is  scaled up by a fac to r  o f fou r .  The 
flow  w ith  the freestream Mach number of 1.2 is  purely supersonic and 
there are no embedded regions.
Next, a b r ie f  in te rp re ta t io n  of the time-dependent embedded 
supersonic regions fo r  the freestream Mach number o f 0.9825 is  given as 
a typ ica l example.
Figure 4.15a corresponds to t=180° and the e f fe c t iv e  v e lo c ity  on 
the body reaches to i t s  minimum value. The time-dependent embedded
region contracts in to  i t s  sm allest form. Figure 4.15b corresponds 
to t=360° and the e f fe c t iv e  v e lo c ity  on the body reaches to i t s  maximum 
v e lo c i ty .  The time-dependent embedded region grows in to  i t s  la rges t 
form. Results fo r  the same freestream Mach number are i l lu s t r a te d  in 
F igs. 4.15c and 4.15d fo r  k = 0.5. Unsteady feature o f the embedded 
supersonic region is  more dominant in these f ig u re s .  Also, note tha t  
shock moves fa r th e r  downstream from t  = 180° to t  = 360°.
For other freestream Mach numbers (w ith  k = 0 .05), the pattern o f 
embedded regions is  s im ila r  to th a t  o f  the freestream Mach number
0.9825.
4.3 Discussion of the Time H is to ry  o f the Computations
The purpose of th is  section is  to d isc lose the progress of the 
time-dependent so lu tions  as the equations are being in tegra ted in 
time. In Sec. 4.1, the resu lts  fo r the unsteady pressure c o e f f ic ie n ts ,  
i n i t i a t e d  by using a steady state re laxa tion  so lu t ion  and by using zero
i n i t i a l  values, were given separately (Figs. 4.4 and 4.13
re s p e c t iv e ly ) .  I t  was noted tha t the re s u lts  presented in those two
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
163
f ig u re s  are almost in d is t ingu ishab le  from each other. In order to 
compare these cases more c lo s e ly ,  tabulated values o f the p o ten t ia ls  
(3?) and pressure c o e f f ic ie n ts ,  a t  each time step, are presented in 
Tables 4.3 and 4.4 fo r  both cases. The s pec if ic  loca tion  chosen fo r  
th is  comparison is  the m id -po in t o f the body surface ( i . e . ,  64th g r id  
p o in t  on the f i r s t  rad ia l g r id  l i n e ) .
I t  is  observed from these tables tha t the re su lts  of the computa­
t io n  in i t i a t e d  by using zero i n i t i a l  values become almost same as the 
re s u l ts  o f the other computation in i t i a t e d  by using the steady state 
re la x a t io n  so lu tion a t  the end of the f i r s t  time step. This fa s t  
t r a n s i t io n  shows the e ffec tiveness of the a lte rn a t in g  d i re c t io n  im p l i c i t  
technique. Next, tabulated values o f the steady and unsteady 
c o n tr ib u t io n s  of the time-dependent body surface, p o te n t ia ls ,  and 
pressure c o e f f ic ie n t  a t  each time step are presented in Table 4.5 fo r  
the flow  w ith  freestream Mach number 0.99 as a typ ica l representative  o f 
a l l  f low s. The location of these values is  the m id-po in t o f  the body.
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Table 4.3 Time h is to ry  o f the flow w ith  freestream Mach number 
0.8 ( in i t i a t e d  by using steady state re laxa tion  
so lu t ion )
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Table 4.4 Time h is to ry  of the flow w ith  freestream Mach number 
0.8 ( in i t i a te d  by using zero i n i t i a l  values)
Time step (n) Pressure c o e f f ic ie n t  (Cp) Poten tia l ($)
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Fig. 4.14 Unsteady boundaries of embedded supersonic region about an 
oscillating parabolic-arc body ( t=0.1,  M =0.95),
(a): t  = 180°.
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Fig. 4.14 (b): t  = 360°.
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Fig. 4.15 Unsteady boundaries of embedded supersonic region about an 
axially oscillating parabolic-arc body ( t =0 . 1 , M =0.9825), 
(a): t  = 180°.













. 2 5 0 . 2 5 . 5 0 . 7 5 1.00 1 . 2 5
BODY AXIS
Fig. 4.15 (b): t  = 360°.
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Fig. 4.15 (c) Unsteady boundaries of embedded supersonic region about 
an axially oscillating parabol ic-arc body (T=0.1, 
M„=0.9825,k=0.5), t  = 180°.
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Fig. 4.15 (d ) :  t  = 360°.
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1.16 Unsteady boundaries o f  embedded supersonic region about an 
a x ia l l y  o s c i l l a t in g  parabo lic -arc  body (t=0.1, M =0.999, 
we=0.9, <dh=0.9 , nmax=345)» (a ): t  = 180°.
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Fig. 4.16 (b ): t  = 360°.
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Fig. 4.17 Unsteady boundaries o f  embedded subsonic regions about an 
a x ia l l y  o s c i l l a t in g  parabo lic -arc  body ( t = 0 . 1 ,  M =1.01, 
o)e=0.9, wh=0.9, nmax=250), (a ): t  = 180°.
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Fig. 4.17 (b ) :  t  = 360°.
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Fig. 4.18 Unsteady boundaries o f  embedded subsonic regions about an 
a x ia l l y  o s c i l la t in g  pa rabo lic -a rc  body (x=0.1, M =1.05), 
(a ) :  t  = 180°.
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Fig. 4.18 (b ): t  = 360°.
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The unsteady transon ic  small disturbance equation fo r  an
o s c i l la t in g  slender body is  obtained from the f u l l  po ten t ia l equation in 
c y l in d r ic a l  coordinates by means of a pertu rba tion  ana lys is .  The time 
dependent body-boundary cond it ion  is  reduced to a simpler form by
matching the outer and inner f low s. Also, a time-dependent pressure
c o e f f ic ie n t  over the slender body is  derived by means of a matching
p r in c ip le .  The unsteadiness is  imposed upon the flow a t  the body axis 
by considering an a x ia l l y  o s c i l la t in g  slender body. A modified form of 
the a l te rn a t in g  d i re c t io n  im p l i c i t  technique is  applied in order to 
solve the re s u lt in g  unsteady equations. Steady-state re laxa tion  
so lu t ions  are used to i n i t i a t e  the unsteady computations. Since the 
po ten t ia l equation represents the conservation o f  mass, the conservative 
d i f fe re n c in g  form is  used in  the steady and unsteady computations when 
the shocks are captured.
In the f a r - f i e l d  reg ion, the boundary cond it ion is  s a t is f ie d  by 
se t t in g  the pertu rba tion  po ten t ia l 3> equal to zero. Since the use of 
steady-sta te f a r - f i e l d  boundary condit ions r e f l e c t  disturbances in c id e n t 
on the g r id  boundaries back in to  the computational domain, they are 
placed fa r  away from the body. Thus, re f le c te d  disturbances do not 
impinge on the body. In the x -d i re c t io n ,  g r id  boundaries are located 
more than 20 body lengths away from the body. The x -g r id  is  divided
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in to  three regions. In the middle region, gr ids are equally  spaced up 
to a distance o f h a l f  body length a t  both sides of the body. In the 
upstream and downstream regions the g r id  size is  progressive ly increased 
by 25 percent as the boundaries are approached. In the rad ia l d i re c t io n  
outer g r id  boundary distance is  chosen to be a function o f  transonic 
s im i la r i t y  parameter K w ith  a maximum value o f  300 body length a t  the 
Mach number of u n i ty .  In order to avoid the logarithm ic s in g u la r i ty  a t 
the body ax is ,  the body-boundary cond it ions is  s a t is f ie d  a t  a small 
rad ius . A f te r  some in ve s t ig a t io n  th is  radius was chosen to be 75
percent of the maximum value of the time dependent shape fu n c t io n .  In
the subsonic freestream the rad ia l g r id  points are spaced exponentia l ly  
up to two th ird s  of the to ta l  rad ia l g r id -p o in t  number. Farther away, 
an equally  spaced g r id  system is  used. In the supersonic freestream,
the e n t i re  rad ia l g r id  points are stretched exponen t ia l ly .
Computations o f the time-dependent surface pressure d is t r ib u t io n s  
and the time-dependent shape of the embedded supersonic or subsonic 
regions are performed fo r  gradually increasing freestream Mach numbers 
in the transonic range while keeping ce rta in  physical parameters o f the 
f low  (such as thickness r a t io ,  o s c i l la t io n  amplitude and reduced 
frequency) constant. Computations are also performed under ce rta in
d i f f e r e n t  cond it ions while keeping other parameters inc lud ing freestream 
Mach number constant. Since no transonic unsteady surface pressure and 
unsteady embedded supersonic or subsonic region measurements are 
reported in  the l i t e r a tu r e ,  resu lts  are compared only w ith  the re la ted  
s teady-s ta te  surface pressures and the embedded supersonic or subsonic 
regions in a movie-frame approach. A per iod ic  f lu c tu a t io n  pattern of 
the surface pressures and the embedded supersonic or subsonic regions is
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observed in sequen t ia l ly  computed re su lts  as would be expected in a time 
marching o s c i l la to ry  problem.
The advantage o f  the method presented is  i t s  speed and ease of
use. For fu r th e r  s tud ies , i t  is  suggested th a t  the method of the 
present work be extended to the problem of a slender body undergoing 
o s c i l la to ry  p u ls a t i le  motion of the surface. This is  possible to
accomplish by making use o f  the procedures ava i lab le  in the present
work. In order to apply the method to th is  problem, only the
s p e c i f ic a t io n  of the p u ls a t i le  surface equation is  required.
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Solutions of the transonic po ten t ia l equation vary rap id ly  near the
in te rv a l 0<x<l on the body ax is .  A f ine  g r id  is  needed to resolve the
so lu t ion  in th is  region. However, i t  is  not p ra c t ic a l to use a f ine
g r id  everywhere because of the large number of g r id  points requ ired .
The use of coordinate mappings, or special subregions with d i f fe r e n t
g r id  spacing, are two ways to achieve reso lu tion  where needed and s t i l l
conserve on the number of g r id  points requ ired. For the present
a p p l ic a t io n ,  g r id  points are d is t r ib u te d  non-uniformly to obtain a f in e
g r id  where required. I t  can be seen from Fig. 3 .1 , tha t the g r id  used
is  r e c t i l i n e a r ,  such th a t ,  Ax. , = x . -  x . . is  same a t  each p, .
j - 1  j  j - 1  pk
Consequently, the fo llow ing no ta t ion , fo r  f i n i t e  d iffe rences are used:
5 pk pk - l S
5 pk+l ~ pk = T (A . 1)
x . -  x . = QPP
J J-2
in steady flow ca lcu la tions and
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x0 ' xj-l = XDB • Pk ‘ pk-l = S
xjtl ' xj “ XDF • pk+l " pk " T (A-2>
xj+l - xj-l = °“F 1 / 2 - <Pk*l - Pk-l' Pj ' TPS
in unsteady flow c a lcu la t io n s .  In w r i t in g  down the d iffe rence  equations
a t  ( j ,  k) i t  is  convenient to group . a t  the n+ lth  i t e ra t io n  as
J > K
PIF = . PDF = ,
j + l . k  j + l , k  j , k
PI = $ . . . PDB = . .
J - 1 , k j , k  j - l , k
PIB'  V i ,  k P0BB '  V i ,  k - ®j-2, k (A-3)
poo“ '  ®j,k+l - *j,k
P D I W  =  $ .  . -  $ .  , ,
J » k  J , k - l
This grouping minimizes the number of m u l t ip l ic a t io n s  required to solve 
the d iffe rence  equations. The same form of grouping as well as g r id  is  
used fo r  both steady and unsteady ca lcu la t io n s .
The d iffe rence  equations fo r  steady flow a t  po in t  ( j , k )  are as 
fo llow s (subscr ip ts  of the components are omitted fo r b re v i ty ) :
PXE = AK - EXF*PDF*XMACH**2 -  EXB*PDB*XMACH**2 (A.4a)
PXH = AK - HXB*PDBB*XMACH**2 -  HXBB*PDBB*XMACH**2 (A.4b)
Subsonic po in ts :
PXE* (EXXF*PDF -  EXXB*PDB) + ARRF*PD0W - ARRB*PDIW = 0 (A.5a)
Supersonic po in ts :
PXE* (HXXB*PDB -  HXXBB*PDBB) + ARRF*PD0W -  ARRB*PDIW = 0 (A.5b)
Sonic po in ts :
ARRF*PD0W -  ARR8*PDIW = 0 (A.5c)
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Shock points:
2* (1-DXW)*PXE* (EXXF*PDF -  EXXB*PDB)
+ 2*DXW*PXH* (HXXB*PDB -  HXXBB*PDBB)
+ ARRF*PD0W - ARRB*PDIW = 0 (A.5d)
where EXF, EXB, EXXF, EXXB, HXB, HXBB, HXXB, HXXBB, ARRF, ARRB and DXW 
are given by (again w ith subscrip ts omitted)








ARRF _ pj  + pj +l  TPS*T
ARRB =
p . + p . ,
KJ~1
TPS*S (A.6)
EXXF = RPQ*RR HXXB QPP*QQ DXW =
QPP
QPP+QQ+RR
EXXB = RPQ*QQ HXXBB = QPP*PP
I t  is  convenient to ca lcu la te  the EXF, EXB, e tc .  in a separate
subroutine which is  ca lled  a t  the s ta r t  of a computation, s to ring  the
re s u l ts  in common blocks. The add it iona l storage required is  minimal 
when compared w ith  . a r ra y .  Because o f th is  programming s ty le ,  theJ , K
add it iona l m u l t ip l ic a t io n s  are accomplished w ith  a r e la t iv e ly  low
increase in computer time. Since the g rea tes t accuracy in computations
are obtained fo r  PP=QQ=RR and S=T, i t  is  best tha t  the v a r ia t io n  in g r id  
spacing be as gradual as is  p ra c t ic a l .
During the so lu tion  procedure, the system of d iffe rence  equations 
to be solved are obtained d i r e c t ly  from Eqs. (A .5) in the same way Eqs. 
(3.16) are obtained from Equations (3 .9 ).
In Chap. 3, the d iffe rence  equations fo r  the unsteady flow a t  p o in t
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( j , k )  are already formulated on a non-uniform g r id .  Therefore, avoiding 
a repeat, only add it ion a l d e ta i ls  are presented in th is  appendix.
For the x-sweep, the d iffe rence  equations a t  po in t ( j , k )  are as 
fo llows (subscr ip ts  om it ted ):
TDC0E*DNF1* ($ (.n, +1/2 )-  +,1/2 ) -  PDB)
J > K J  1 ,  K
DNF1*((1-EPS)*((0.5*CNF/XDF*($( " |  ^  $ [ n? ^  + AK*PDF/XDF)J + J. J , K
(0.5*CNB/XDB*($(.n^ X/2 } - ®-nt  Y2 J) + AK*PDB/XDB))
J , K J ~ i  ,  K
+ EPSB*( (0.5*CNB/XDB* ($ (.n^ 1/2 ) -  ^  >) + AK*PDB/XDB)
J» K J 1
(0.5*CNBB/XDBB* h  + AK*PDBB/XDBB)
J- -*- > K , K
+ ARRF*PD0W - ARRB*PDIW (A.7a)
Note tha t the grouping o f po ten tia l values defined in Eqs. (A .3) now
correspond to the nth time le ve l.
For the p-sweep, the d iffe rence equations a t  po in t  ( j , k )  are as 
fo llows (subscr ip ts  om itted):
TDC0E*DNF1* (®-n^ 1) -  V2 JJjK J i j K
= 0.5* (ARRF*(®(.n^ J  -  PDOW)
J  y K + i  J  y K
ARRB*(®(.nJ'1) “  PDIW)) (A.7b)
J  y K J  ^ K 1
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The components of Eqs. (A.7a) and (A.7b) are defined as
TDCOE = 2*B/At CNF = C ^ i ,  .
J+ 12
e p s . Ej  ™  = c 5 - i / 2 , k
EPSB = ^  CNBB » C < ^ /2>k
In order to tes t  the type of local points fo l low ing  var iab le  names are 
a lso  defined.
SUMC = CNF + CNB 
SUMB = CNB + CNBB
In the x-sweep, Eq. (A7.a) can be rearranged in to  the fo llow ing
form
A( J ) + B(J)* j - i 1k2)  + C(J)* ^ " k ^  + D(J)*  = E(J)
where c o e f f ic ie n ts  A (J), B(J), C(J), D(J), and E( J ) are defined in the 
program. On each k=constant l in e  a simultaneous so lu tion  of equations 
w ith  a quadrodiagonal c o e f f ic ie n ts  matrix re s u lt in g  from the tests  
determining the type o f local points is  required.
In the p-sweep, Eq. (A7.b) is  rearranged in to  the fo l low ing  form
A(K)* $! u -1 + B(K)*  ^ k ^  + C(K)*  = D(K)
where c o e f f ic ie n ts  A(K), B(K), C(K), and D(K) are again defined in the 
program. In th is  sweep there is  no te s t  fo r  determining the type of 
loca l po in ts . Since the c o e f f ic ie n t  matrix is  t r id ia g o n a l on each
j=constan t l in e ,  the simultaneous so lu tion of these equations can be 
found by using the Thomas a lgor ithm . The operation mechanism of p -
sweep is  quite s im ila r  to the successive l in e  over re laxa tion  technique 
except the absence o f tes ts  fo r  local po int type.
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APPENDIX B
FORMULATIONS OF THE PRESSURE COEFFICIENTS AND 
THE BODY BOUNDARY CONDITION IN THE PROGRAM
The non-dimensional cross-sectiona l area a t  radius R div ided by 
2n  is  defined as (as te r isks  are omitted fo r  the s im p l ic i ty  o f no ta t ion )
2 S (x t)
S ( x , t )  = -  R (x , t )  = - i - -----
2 2 %
(B . l )
where Se ( x , t )  denotes e f fe c t iv e  non-dimensional c ross-sectiona l area of 
the body, Hence, de r iva t ives  of the body cross-section are given as
S = RR 
x x
S = R R + RR
XX X X  XX
S = RR 
t  t
t t
R R + RR 
t  t  t t
S = S = R R + RR 






A lso, the transonic coordinate of the body is  defined as
Pb = ^ b  = X , t )  ] = -u2R (x , t)  ( B.3)
Consequently, the body boundary cond it ion , Eq, (2 .84), can be rew r it te n  
as
fo r  0<x<l (B.4a)
fo r  x<0 and l<x (B.4b)
For unsteady ca lcu la t io n s ,  the array named TOSS(J) is  used to represent
p$ = kS + S 
p t  x
p$ = 0
P
the value of kS. + S a t  j t h  g r id  po in t in each time le v e l .  For steady
"C X
c a lcu la t io n s  Eqs. (B.4) become
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p$ = S fo r  0<x<l (B.5a)
P x
p$ = 0 fo r  0<x and l<x (B.5b)
P
An array named SX( J ) is  used to represent the value o f SY a t  theA
j t h  g r id  po in t
The pressure c o e f f ic ie n t  in the outer region remains the same as 
Eq. (2 .8 7 ).  This is  expressed as
C = -2-t2 ($ + k®+) fo r  x<0 and l<x (B.7)P A L
fo r  unsteady flow and
C = -2 t2 $ fo r  x<0 and l<x (B.7)
P x
fo r  steady f low .
The pressure c o e f f ic ie n t  on the slender body is  expressed in terms 
of the cross-sectiona l area as
C = -2x~ [fk^S + kS ) ln(n;2R) + kg 
p u  t t  tx  a t
4 (kit * 5x) W
+ (kS + S ) In ( t 2 R) + g ] fo r  0<x<l (B.8)
x t  xx x
fo r  unsteady f low . Here gt  and gx are given as
g = [$  ] -  CkS + S ) In (p ) (B.9a)
X X P t x  XX 1
\  - [®t]Pl - (k§t + sxt’ ,n(pl> (B'9b)
For the case of steady f low , Eqs. (B.8) and (B.9) become
C = -2 t2 [S2 /2R2 + S 1 n ( x2R) + g ] fo r  0<x<l (B.10)
p X XX X
g = [® ] -  S I n ( p ) ( B . l l )
X X P XX 1
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APPENDIX C
FLOW DIAGRAMS OF THE MAIN PROGRAM 
AND IMPORTANT SUBROUTINES
In th is  appendix f low diagrams o f the main program USTRAX and 
subroutines STRAX and RELAX1 are presented. In the hierarchy of 
execution USTRAX c a l ls  STRAX fo r  the so lu t ion  o f steady flow and in turn 
STRAX c a l ls  RELAX1 fo r  the app lica t io n  of the successive l in e  over 
re la xa t io n  technique to the steady f lo w .  App lica t ion  of the a l te rn a t in g  
d i re c t io n  im p l i c i t  technique fo r  the so lu tion  of unsteady flow is  
d i r e c t ly  embedded in to  the main program a f te r  the ca l l  to STRAX. Flow 
diagrams fo r  other subroutines are not included here since these are of 
secondary importance.
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(  START )
Main DO loop for time marching. Time step 
count n starts from 1
Set limit for time marching (MAXIT), value 
of reduced frequency (XK), time step size 
(DT), etc
Calculate time-dependent body boundary 
condition as RR + kRR. on 0<x<l at time 
level n
Calculate time-dependent body boundary 
condition as RR + kRR. on 0<x<l at time 
level n+1
CALL STRAX (This subroutine transfers x- 
grid, p-grid , steady values of $>.  ̂ to 
in itiate unsteady computations anil’etc.)
Set in it ia l values of $(n* 2̂ ) and
(n+1) J ’k. before main loop for time marching
J ,  K
begi ns
Fig. C.l Flow diagram for main program 
USTRAX.
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START X SWEEP
♦
Start outer DO Loop to proceed in
p-direction from k=l
I
Start inner DO loop to sweep in x-direction 
from j=3
Set values of PIF, PI, PIB, PDF, PDB, PDBB 
using
Define a sum at current grid point as SUMC 
and at previous grid point as SUMB for 
coefficient of non-linear term. Next step 
is a chain of tests for local point type
♦ —
I f SUMC<0 then
ej 0
I f SUMC<0 then
ej 1
I f SUMCcO then
Ej -1 = 0
I f SUMC<0 then
Ej -1 = 0
  i   ................ ....
Prepare coefficients for quadrodiagonal 
matrix, incorporate body boundary condition 
of n th time level at f irs t radial grid 
1 ine
YES
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START p  SWEEP
T
Call trisol for solving j  th radial column
YES
Calculate and print <̂ n+^ ,  4>ln+^  , g^n+^  ,
X t  X
9| n+^> g^n+1^, C(n+1> at mid point of body
Calculate and print $ jn+^ ,  gln+^  ,
XJ,1 j , l  j , l
(n+1) (n+1) r (n+l)
y t  ’  y i  1 ’  d
J , 1  PJ ,1
Fig. C.l continued.
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Start outer DO Loop to proceed in x- 
direction from j=2.
Start inner DO Loop to 
from k=l.
sweep in p- direction
Prepare coefficients of tridiagonal 
matrix. Incorporate body boundary 
conditions of n th and n+1 th time level at 
f irs t radial grid line existing together.
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YES
YES
Calculate boundary coordinates of embedded 
subsonic or embedded supersonic regions of 
the flow field for unsteady flow
Replace results of current time level to be 
in it ia l  values of next time level
YES
Fig. C.l concluded.




(  RETURN )
Set Pout equal t0  PWT
Define contribution of body boundary 
condition for steady flow__________
CALL RELAX1 (This is the subroutine for 
solving steady flow)
Define sonic velocity and sonic pressure for 
steady flow
CALL MESH (Prepare coefficients for x and 
p derivatives, also prepare p-grid )
CALL INPUT
CALL BODY (Prepare derivatives of body 
surface and cross-section area for steady 
f 1 ow) ____ _____
Set p.jn, pQut depending upon value of 
transonic similarity parameter
Define transonic similarity parameter K
CALL PRINT (This subroutine calculates
coordinates of embedded subsonic or 
supersonic regions of steady flow field and 
prints them.).
C on body surface and
Fig. C.2 Flow diagram for subroutine 
STRAX.
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(  START )
YES
FREEAIR i  TRUE
Set wind tunnel boundary conditions
DO loop for main iteration. Iteration count 
n start from 1
Set in itia l value of residual error E 
equal to zero
Set values of PIF, PI, PIB, PDF, PDB, PDBB 
with most recently available $. .
DO loop for relaxation procedure to sweep in 
x-directi on. Sweep count j  starts from 2 
continues up to j max- l
DO loop for preparing coefficients of 
simultaneous equations on each radial 
column. Grid count k starts from 1, 
continues up to kmax- l
Define coefficient of non-linear term as 
PXE=AK-EXF(J)*PDF*QQ-EXB(J)*PDB*QQ for 
points on the current column and 
PXH=AK-HXB(J)*PDB*QQ-HXBB(J)*PDBB*QQ for 
points on the previous column. Next steps 
are a chain of tests for local point type
Fig. C.3 Flow diagram for subroutine 
RELAX1.
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Elliptical differencing, 
prepare coefficients for 
tridiagonal matrix
Shock wave point, prepare 
coefficients for tridiagonal 
matrix
Hyperbolical differencing, 
prepare coefficients for 
tridiagonal matrix
Parabolic differencing, 
prepare coefficients for 
tridiagonal matrix______
YES
Incorporate contribution of body boundary 
condition at k=l. Also incorporate upper 
boundary condition at k=kmax
Solve simultaneous equations of ^2 )
J , K
with tridiagonal matrix coefficient on 
current radial column using Thomas algorithm
Fig. C.3 continued.
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Start new DO Loop on same radial column, 
grid count k restarts from 1 continues up
Define quantity Q as 
n = ® (n. + 1/2 )  _ > )
Determine maximum change in Q for all j ,k  in 
this iteration. Prepare error to check 
convergence as 
ERROR = MAX (ABS(Q) )
Check
_(n+l) _ (n) r_(n+ V2 ) ,Jn) t
® j , k  '  ® j , k  “ E (®S,k '  ® J , k )
< CVERG£.
><^N£
1 OVERGÔ  YES
nmax^—
(  RETURN )
Fig. C.3 concluded.
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YES
CALL INFOPLT (0 ........CPN(45), . Plotting
routine for unsteady pressure coefficient
(CALL INFOPLT (0........CPB(45). . - Plotting
routine for steady pressure coefficient)
CALL PSEUDO 
( in it ia l iz e  plotting)
CALL STRAX
(Calculate steady pressure coefficient and 
sonic pressure coefficient)
CPS0N1(4 5 ) , . . .  
Plotting routine for sonic pressure 
coefficient and frame is completed
CALL INFOPLT (1
DO 9999 M=1, MAX IT
(Starts time marching, unsteady pressure 
coefficient is calculated in this loop)
Fig. C.4 Flow diagram for getting the
plots of pressure coefficients.
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CALL INFOPLT (0 .........)
Plotting routine for steady regions at t=0°.
CALL INF0PLT(0 )
Plotting routine for steady regions at t=0!
CALL PSEUDO 
( I n i t i a l i z e  p lo t t in g )
DATA Statements
(Input coordinates of embedded regions)
CALL INFOPLT (1 ,___ )
Plotting routine for unsteady regions at 
180°.
Frame is completed.
CALL INFOPLT (1 ,___ )




Fig. C.5 Flow diagram for getting the 
plots of embedded supersonic 
and embedded subsonic regions.
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APPENDIX D
PROGRAM DESCRIPTION AND PROGRAM LISTING
The computer program used in th is  d is s e r ta t io n  was w r i t te n  in the 
FORTRAN IV language fo r  a CY173 computer. The complete program (except 
p lo t t in g  subroutines and p lo t t in g  commands) is  l i s te d  on pages (206-223) 
fo r  re ference. A l l  the data were p lo tted  by using NASA CDC NOS computer 
system Calcomp p lo t te r .  The NASA Langley subroutine INFOPLT was used to 
generate p lo ts  fo r  spec if ied  in fo rm ation . The flow diagrams used in
ob ta in ing  time-dependent surface pressure p lo ts  and p lo ts  o f embedded
subsonic or supersonic regions are shown in  Figs. C.4 and C.5
respecti v e ly .
The fo llow ing  l i s t  o f the main program and subroutines ca lled by 
the main program is  he lp fu l in  understanding the computing procedure.
USTRAX is  the main program fo r  solving unsteady flow by means of
a lte rn a t in g  d i re c t io n  im p l i c i t  technique. Also c o n tr ib u t io n  o f 
time dependent body boundary cond it ion  a t  time leve ls  n and n+1 
is  computed d i r e c t ly  by the main program before solv ing the 
unsteady flow.
QUASOL is  fo r  the simultaneous so lu t ion  o f equations w ith
quadrodiagonal c o e f f ic ie n ts  m atr ix  in x-sweep
TRISOL is  fo r  the simultaneous so lu tion  of equations w ith  tr id iag ona l 
c o e f f ic ie n ts  m atrix in p-sweep.













is  the most important subroutine which in turn c a l ls  other 
subroutines fo r  the so lu tion  o f steady f low .
is  an a p p l ica t io n  o f successive l in e  over re laxa tion  technique 
and solves the steady f low .
is  the subroutine which reads a l l  the inpu t fo r  subroutine 
STRAX inc lud ing  x -g r id .
ca lcu la tes g r id  spacing in p -d i re c t io n  and c o e f f ic ie n ts  used 
in the f i n i t e  d if fe rence  equations fo r  ca lcu la t ing  steady f low .
is  fo r  computing the con tr ibu t ion  o f the steady body boundary
condi t i  on.
computes d is t r ib u t io n  o f steady surface pressure c o e f f ic ie n t  
and coordinates o f steady embedded subsonic or supersonic 
regions; i t  also p r in ts  re su lts  o f steady ca lcu la t ions .
is  a non-essential subroutine which p lo ts  steady or unsteady
pressure c o e f f ic ie n ts  during terminal p r in t in g ;  th is  is  useful 
fo r  previewing the re s u lts .
is  a non-essentia l subroutine which p lo ts  steady or unsteady
embedded subsonic or supersonic regions during terminal 
p r in t in g ;  th is  is  useful fo r  previewing the re s u lts .
the programming stage, a large number of common blocks is  used to 
the computing time and storage amount fo r  t ra n s fe r r in g  data 
main program and subroutines.
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PROGRAM U STRAX( I NP U T rO U T P U T f T A P E 5 = I N P U TrTAPE6 =OUTF'UTf  T AP E 3f  TA PE 7f  1
1 T A P E D
COMMON/BLANK/  P < 1 2 3 f 7 5 )  f D E X X < 1 2 8 )  f E X B < 1 2 8 )  ,  E X F < 1 2 8 ) f
1 E X X B ( 1 2 8 ) f E X X F < 1 2 8 )  f H X B ( 1 2 8 )  f H X B B < 1 2 8 )  f H X X B < 1 2 8 )  f
2 • '  HXXBB<1 2 8 ) f PXBC12 8)  , P X F < 1 2 8 )  f R A I K 1 2 8 )  f S P R I M E < 1 2 8 ) f
3 S X < 1 2 8 ) f S X X< 1 2 8 )  f X C 1 3 0 )  f D RR < 7 5 )  f F O L D < 7 5 )  f
4 R < 7 7 )  f SUB< 7 5 )  , S U PE R <7 5)  f S < 1 2 8 )  f N AME ( 8 )
COMMON / C O N S T /  BS f G A M I f A K f I O f I I f I M X f I M X I f J M X f J M X 1 r 
1 F R E E AI R f RC H G
COMMON / Z M E S H /  ARRB1f ARRFMXf R I N f RMATCHfROUT f D XU ( 1 2 8 ) rRTK
COMMON / Z P R I N T /  CPSONf SONV ELf TAUf XMACHf WAL L,C O f C l f C 2  
COMMON / F T A C /  TOSS 1 ( 1 2 8 ) ,T 0 S S 2 < 1 2 8 ) f R R 1 < 1 2 8 ) ,R R 2 < 1 2 8 ) f 
8 R R X X 1 < 1 2 8 ) f R R X X 2 ( 1 2 8 ) f R R X T I < 1 2 8 ) f R R X T 2 ( 1 2 8 ) f  
i R R T 1 ( 1 2 8 ) f R R T 2 ( 1 2 8 ) f R R T T I ( 1 2 8 ) f R R T T 2 ( 1 2 8 ) f
g R R P K 4 2 ) f R R P 2 < 4 2 ) f R R P X 1 ( 4 2 ) fR R P X 2 ( 4 2 ) f R R P X X I < 4 2 ) fR R P X X 2 ( 4 2 ) f 
g R R P X T 1 < 4 2 ) f R R PX T 2< 4 2 ) f RR PT 1 ( 4 2 ) f R R P T 2 < 4 2 ) f 
g R R P T T 1 < 4 2 ) fR R P T T 2 < 4 2 ) f R R X I < 1 2 8 ) f R R X 2 < 1 2 8 ) f
g S S I < 1 2 8 ) f S S 2 < 1 2 8 ) f S S X I < 1 2 8 ) f S S X 2 < 1 2 8 ) f S S X X I < 1 2 8 ) f SSXX2 <1 2 8 ) f  
g S S X T 1 < 1 2 8  > r S S X T 2 < 1 2 8 ) f S S T I < 1 2 8 ) » S S T 2 < 1 2 8 ) f 
g S S T T 1 < 1 2 8 ) f S S T T 2 ( 1 2 8 ) fS S P T T I < 4 2 ) f S S P T T 2 < 4 2 ) f 
g S S P 1 < 4 2 ) f S S P 2 < 4 2 ) f S S P X I <4 2 ) f S S P X 2 < 4 2 ) f S S P X X I < 4 2 ) f S S P X X 2 < 4 2 ) f 
g S S P X T 1 ( 4 2 ) f SSPXT2 < 4 2 >  f S S P T 1 < 4 2 ) » S S P T 2 < 4 2 ) » 
g X P 1 < 4 2 ) f X P 2 < 4 2 >  f X X I < 4 2 ) fX X 2 < 4 2 ) f 
g X K f A fN S PC fP P fDT 
COMMON / S P E C /  P T < 1 2 8 f 7 5 )
I NT EG E R I f I B f I C P B f M A X I T f M f I O M I f I I P I  
REAL H f TDCOE f DNF1 > CNF f CNB f CNBB f SUMC tSUMB 
D I M E N S I O N  E P S < 1 2 8 ) fE PSB <1 28>
D I M E N S I O N  P I M ( 1 2 8 f 75>
D I M E N S I O N  A < 1 3 0 ) fB ( 1 3 0 ) f C ( 1 3 0 ) f D ( 1 3 0 ) f E < 1 3 0 )
1 D I M E N S I O N  CPB<1 3 0 ) f G < 1 3 0 ) f G X ( 1 3 0 ) f G T ( 1 3 0 )
D I M E N S I O N  X S O N I C < 1 0 ) f X P < 1 2 8 ) ,Y P < 1 2 8 )
CALL STRAX  
DO 11  I = 1 f I MX  
DO 9  J = 1 f JMX 
P I M < I f J ) = P ( I fJ )
P T < I f J ) = P I M < I f J )
9  CONTINUE  
11 CON TI NU E
I C P B  = 1 1 - 1 0 + 1  
M A X I T  =  3 9 0  
XK =  0 . 0 5  
F = 2 . 0  
NSPC = 3 6 0 .  
pp = 4 *  ATAN < 1 . >
DT = 2 *  PP /  NSPC 
I 0 M 1  = 1 0 - 1  
I 1 P 1  = 1 1 + 1  
DO 9 9 9 9  M = 1 f M A X I T  
T = < M - l )  *  DT 
DO 111  I = 1 f I 0 M 1  
RR1 <I )=0.









































































R R X l ( I ) = 0 . 56
R R X X 1 ( I ) = 0 . 5 7
RRXT1 ( 1 ) = 0 • 58
R R T 1 <I  ) = 0 . 59
R RTT1 ( 1 ) = 0 • 60
S S 1 ( I ) = 0 . 61
S S X 1 < I ) = 0 . 62
S S X X 1 ( I ) = 0 . 63
S S X T 1 ( I ) = 0 . 6 4
S S T 1 ( I ) = 0 . 6 b
S 5 T T 1 ( I > = 0 . 6 6
CONTINUE 67
DO 2 2 2  I B = 1 f ICPB 6 8
X P 1 ( I B ) = X ( I B + I 0 - 1 > 6 9
CONTINUE 70
DO 4 I B = 1 f ICPB 71
X X 1 ( I B ) = X P 1 ( I B ) - F * S I N ( T > 7 2
R R P 1 ( I B ) = 2 * ( ( X X 1 ( I B ) + F * S I N ( T ) ) - ( ( X X I ( I B ) + F * S I N ( T ) ) # * 2 ) ) 73
R R P X 1 ( I B ) = 2 * ( 1 - ( 2 * X X 1 ( I B ) + 2 * F * S I N ( T > ) ) 7 4
RRPXX1 ( I B ) = 2 * ( - 2 . ) 7 5
R R P X T 1 ( I B ) = 2 * ( - 2 * F * C 0 S ( T ) ) 76
R R P T 1 < I B > = 2 * (  F * C O S ( T ) - 2 * X X 1 ( I B  >* F * C O S (  T > - 7 7
2 # < F * * 2 > * S I N ( T ) * C 0 S ( T > > 7 8
R R P T T 1 ( I B ) = 2 * ( - F * S I N ( T > + 2 * X X 1 ( I B  > * F * S I N ( T ) - 7 9
2 * < F # # 2 ) * ( C 0 S ( T ) * * 2 > + 2 * ( F * * 2 > * < S I N ( T > * * 2 ) ) 8 0
S S P 1 ( I B  > = 0 . 5 * R R P 1 < I B ) * * 2 8 1
S S P X 1 < I B ) = R R P 1 <I B ) * R R P X 1 < I B ) 8 2
S S P X X 1 ( I B ) = R R P 1 ( I B ) * R R P X X 1 ( I B ) + (RRPX1 ( I B  ) J i * 2 ) 8 3
S S P X T 1 i I B ) = R R P 1 ( I B ) * R R P X T 1 ( I B > + R R P X 1 ( I B ) # R R P T 1 ( I B ) 8 4
S S P T 1 ( I B ) = RR P 1 < I B  >* R R P T 1 < I B  > 8 5
S S P T T 1 <I B  > =RRP1 ( I B  > * R R P T T 1 < I B > + ( R R P T l ( I B ) # * 2 > 8 6
CONTINUE 8 7
DO 4 4 4  I = 1 0 r l l 8 8
R R 1 ( I > = R R P 1 ( I - I O + l > 8 9
R R X l ( I ) = R R P X 1 ( I - I O + l ) 9 0
R R X X 1 < I ) = R R P X X 1 ( I - I O + l ) 91
R R X T 1 ( I > = R R X T 1 ( I - I O + l ) 9 2
R R T 1 ( I ) = R R P T 1 ( I - I O + l ) 9 3
R R T T 1 ( I ) = R R P T T 1 ( I - I O + l ) 9 4
S S 1 ( I ) = S S P 1 ( I - I 0 + 1 ) 9 5
S S X 1 ( I ) = S S P X 1 < I - I O + l ) 9 6
SSXX1 < I )  '■■SSPXXl ( I - I O + l  > 9 7
S S X T 1 ( I ) = S S P X T 1 ( I - I O + l ) 9 8
S S T 1 ( I ) = S S P T 1 ( I - I O + l ) 9 9
S S T T 1 ( I ) = S S P T T 1 ( I - I O + l ) 1 0 0
CONTINUE 1 0 1
C O N T I N U E 1 0 2
DO 7 7 7  I = I 1 P 1 f IMX 10 3
R R 1 ( I ) = 0 • 104
R R X 1 ( 1 ) = 0 • 1 0 5
R R X X 1 ( I ) = 0 . 1 0 6
R R X T 1 ( I ) = 0 . 1 0 7
R R T 1 ( I ) = 0 . 1 0 8
R R T T 1 ( I ) = 0 . 1 0 9
S S 1 C I ) = 0 . 1 1 0









S S X 1 ( I ) = 0 . 1 1 1
S S X X 1 ( I > = 0 . 1 1 2
S S X T 1 ( X > = 0 • 1 1 3
S S T 1 <I ) = 0 . 1 14
S S T T 1 ( I ) = 0 . 1 1 5
CONTINUE 1 16
DO 8 8 8  1 = 1 » IMX 1 1 7
T 0 S S 1 ( I ) = S S X 1 ( I > + X K * S S T 1 ( I ) 1 18
CONTINUE 1 1 ?
1 2 0
T = M *  DT 1 2 1
DO 1 1 5  1 = 1 tI 0M 1 1 2 2
RR2 ( I ) = 0 . 12 3
R R X 2 ( I ) = 0 » 12 4
R R X X 2 ( I > = 0 . 12 5
RRXT2 C I ) = 0 • 12 6
R R T 2 ( I  ) = 0 « 1 2 7
R R T T 2 < I ) = 0 • 128
S S 2 ( I ) = 0 . 1 2 9
S S X 2 ( I ) = 0 . 13 0
S S X X 2 ( I ) = 0 . 131
S S X T 2 ( I > = 0 . 1 3 2
S S T 2 ( I > = 0 . 1 3 3
S S T T 2 ( I > = 0 . 1 3 4
CONTINUE 1 3 5
DO 2 2 6  I B = 1 r ICPB 1 3 6
X P 2 ( I B ) = X ( I B + I O - 1 ) . 1 3 7
CONTINUE 1 3 8
DO 3 3 8  I B = l r I C P B 1 3 9
X X 2 ( I B ) = X P 2 ( I B ) - F * S I N ( T > 1 4 0
R R P 2 ( I B > = 2 * ( ( X X 2 ( I B ) + F * S I N ( T >  ) - ( ( X X 2 ( I B ) + F * S I N ( T > ) * * 2 > ) 141
R R P X 2 ( I B  > = 2 * ( 1 - (  2 * X X 2 ( I B ) + 2 * F * S I N ( T ) >) 1 4 2
R R P X X 2( I B ) = 2 * < - 2 . ) 1 4 3
R R P X T 2 < I B ) = 2 * < - 2 # F * C 0 S ( T ) ) 14 4
R R P T 2 ( I B > = 2 * <  F * C O S <T ) - 2 * X X 2 ( I B ) * F * C O S ( T ) - 1 4 5
2 # < F * * 2 ) * S I N < T > * C 0 S ( T >  > 1 4 6
R R P T T 2 ( I B ) = 2 * ( - F * S I N  <T ) + 2 * X X 2 ( I B  > * F * S I N  < T > - 1 4 7
2 * ( F * * 2 ) * ( C 0 S ( T ) * * 2 ) + 2 * ( F * * 2 ) * ( S I N ( T ) * * 2 ) ) 14 8
S S P 2 ( I B > = 0 . 5 * R R P 2 ( I B ) * * 2 1 4 9
S S P X 2 < I B ) = R R P 2 ( I B ) # R R P X 2 ( I B ) 1 5 0
S S P X X 2 ( I B  > = R R P 2 ( I B ) * R R P X X 2 ( I B ) +  ( RRPX2( I B ) * * 2  > 151
S S P X T 2 ( I B  > = R R P 2 ( I B ) * R R P X T 2 ( I B ) + RR PX 2( I B ) *Rf tPT2  ( I B > 1 5 2
S S P T 2 ( I B  > = R R P 2 ( I B ) * R R P T 2 ( I B ) 1 5 3
S S P T T 2 ( I B  > =R RP2 ( I B  > * R R P T T 2 ( I B ) + ( R R P T 2 ( I B  > * * 2 ) 15 4
CONTINUE 15 5
DO 4 4 8  I  = 1 0 r 11 15 6
R R 2 ( I ) = R R P 2 ( I - I O + l ) 15 7
R R X 2 ( I ) = R R P X 2 ( I - I O + l ) 1 5 8
R R X X 2 < I > = R R P X X 2 ( I - I O + l ) 1 5 ?
R R X T 2 ( I ) = R R P X T 2 ( I - I O + l ) 1 6 0
R R T 2 ( I > = R R P T 2 ( I - I O + l ) 1 6 1
R R T T 2 ( I ) = R R P T T 2 ( I - I O + l ) 1 6 2
S S 2 ( I ) = S S P 2 ( I - I O  + l ) 1 6 3
S S X 2 ( I ) = S S P X 2 ( I - I 0 + 1 ) 1 6 4
S S X X 2 ( I ) = S S F X X 2 ( I - I O + l ) 1 6 5
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S S X T 2 ( I ) = S S P X T 2 < I - I O + l ) 1 6 6
S S T 2 ( I ) = S S P T 2  ( I - I O + l ) 1 6 7
S S T T 2 ( I ) = S S P T T 2 ( I - I O + l ) 1 6 3
4 4 8  C O N T I N U E  1 6 9
1 7 0
DO 7 8 1  I = I 1 P 1 » IMX 171
R R 2 ( I > = 0 .  17 2
RRX2 C l ) = 0 .  17 3
R R X X 2 ( I ) = 0 •  174
RRXT2 ( I ) = 0 •  1 75
R R T 2 ( I ) = 0 •  ’ 1 76
R R T T 2 ( I ) = 0 .  1 7 7
S S 2 < I ) = 0 .  1 78
S S X 2 C I ) = 0 •  1 7 9
S S X X 2 ( I ) = 0 .  1 8 0
S S X T 2 ( I ) = 0 .  181
S S T 2 ( I ) = 0 .  1 82
S S T T 2 ( I > = 0 .  1 83
7 8 1  CONTINUE 18 4
DO 8 9 2  1 = 1 , I MX 1 8 5
T 0 S S 2 I I ) = S S X 2 < I ) + X K # S S T 2  ( I ) 1Q6
8 9 2  CONTINUE 1 8 7
Q= XMA CH ** 2  1 8 8
TA US Q= TA U* # 2  1 8 9
H = XK *  Q /  TAUSQ 1 9 0
TDCOE =  2  *  H /  DT 191
I L O  = 3  1 9 2
X - S U E E P  1 9 3
J = 1  1 9 4
DO 1 2 0 0  I = I L Q , I M X 1  1 9 5
P I F = P < 1 + 1 , J )  1 9 6
P I  = P C I , J >  1 9 7
P I B = P < 1 - 1 , J )  1 9 8
P D F = P I F - P I  1 9 9
P D B = P I - P I B  2 0 0
P D B B = P ( I ~ 1 , J ) - P ( I - 2 , J >  2 0 1
X D F = X ( I + 1 ) - X ( I ) 2 0 2
X D B = X < I > - X ( 1 - 1 )  2 0 3
X D B B = X < I - l ) - X ( I - 2 )  2 0 4
D N F 1 = 2 . / ( X ( I + 1 > - X ( I - 1 ) > 2 0 5
C N F =A K - GA M1 * Q #P DF / X DF  2 0 6
C N B= AK -GA M1 * Q* PD B/ XD B 2 0 7
CNBB=AK- GAM1* Q*PDBB/XDBB 2 0 8
SUMC=CNF+CNB 2 0 9
SUMB=CNB+CNBB 2 1 0
I F  (SUMC . G E .  0 . 0 )  E P S ( I ) = 0 •  211
I F  (SUMC . L T .  0 . 0 )  E P S ( I ) = 1 .  2 1 2
I F  (SUMB . G E .  0 . 0 )  E P S B ( I ) = 0 .  2 1 3
I F  (SUMB . L T .  0 . 0 )  E F ' S B ( I )  = 1 .  2 1 4
E P S ( 2 ) = 0 .  2 1 5
EPSB < 2 ) = 0 .  2 1 o
E P S ( I M X 1 )  = 1 . 2 1 7
E PS B( I M X 1 ) = 0 . 2 1 8
R 0 = R ( 2 ) - 2 . / ( A R R B l * R ( l ) ) 2 1 ?
A ( I ) = - D N F l * E P S B < I ) * 0 . 5 * ( A K - G A M l * a * p n B B / X D B B ) / X D B B  2 2 0
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B ( I ) =  D N F 1 * E P S B ( I ) * 0 . 5 * ( A K - G A M l * a * P D B B / X D B B ) / X D B B  2 2 1
O ' l ' lX + D N F 1 * E P S B ( I ) * 0 . 5 * ( A K - G A M 1 * G * P D B / X D B ) / X D B  
. .  8  - D N F l * ( l . - E P S ( I > ) * 0 . 5 * ( A K - G A M l * a * P r i B / X D B ) / X D B  2 2 3
8  - D N F 1 * T D C 0 E  2 2 4
C ( I > = - D N F l * E F S B ( I ) * 0 . 5 * ( A K - G A M l * G * P D B / X D B > / X n B  2 2 5
X + D N F 1 * ( 1 . - E P S ( I ) ) * 0 . 5 * ( A K - G A M 1 * Q * F D B / X D B ) / X D B  2 2 6
8  +DNF1 * ( 1 . - E F S ( I ) > * 0 . 5 * ( A K - G A M l * G * P n F / X D F ) / X D F  2 2 7
8  + D NF 1* TD C 0E  2 2 8
D ( I ) = - D N F 1 * ( 1 . - E P S ( I > ) * 0 . 5 * ( A K - G A M 1 * Q * P D F / X D F ) / X D F  2 2 ?
E ( I ) = ( - E P S B ( I ) * A K * P D B B / X D B B  + E PS B( I ) * A K * P D B / X D B  2 3 0
X - ( l . - E P S ( I ) ) * A K * P D B / X D B  + <1 . - E P S ( I ) ) * A K * P D F / X D F ) * DNF 1 231
X + 2 / ( R ( 2 ) - R 0 ) * ( R ( 2 ) + R ( l ) > / ( 2 * R ( i > ) / ( R ( 2 ) - R ( l ) > * ( P ( I . 2 > - P ( I r 1 ) )  2 3 2
X - A R R B 1 * T 0 S S 1 ( I )  2 3 3
X + D NF 1* T D C 0 E * P D B  2 3 4
1 2 0 0  CONTINUE 2 3 5
CALL O U A S O L ( A f B f C f D r E f I L 0 . I M X 1 )  2 3 6
DO 1 2 1 0  I = I L O * I M X 1  2 3 7
P I M ( I r  J ) = E ( I ) 2 3 8
1 2 1 0  CONTINUE 2 3 9
DO 1 3 0 0  J = 2 1JMX1 2 4 0
DO 1 2 1 1  I = I L O » I M X 1  2 4 1
P I F  = P ( I + 1 , J )  2 4 2
P I  = P ( I » J >  2 4 3
P I B  = p ( I - l ' J >  2 4 4
PDF = > P I F - P I  2 4 5
P D B = P I - P I B  2 4 6
P D B B = P ( I - l > J ) - P ( I - 2 r J )  2 4 7
X D F = X ( I + 1 ) - X ( I >  2 4 8
X D B = X ( I ) - X < I - 1 >  2 4 9
X D B B = X ( I - l ) - X ( I - 2 )  2 5 0
D N F 1 = 2 . / ( X ( I + 1 > - X ( I - 1 ) ) 2 5 1
C N F= A K- GA M 1 * Q * P D F / X D F  2 5 2
C NB =AK- GAM1* Q* PDB/ XDB 2 5 3
CNBB=AK- GAM1* Q*PDBB/XDBB 2 5 4
SUMC=»CNF+CNB 2 5 5
SUMB=CNB+CNBB • 2 5 6
I F  (SUMC . G E . 0 . 0 ) E P S ( I ) = 0 . 2 5 7
I F  (SUMC . L T . 0 . 0 ) E P S ( I ) = 1 . 2 5 8
I F  (SUMB . G E . 0 . 0 ) E P S B ( I ) = 0 . 2 5 9
I F  (SUMB . L T . 0 . 0 ) E P S B ( I ) = 1 . 2 6 0
E P S ( 2 ) = 0 . 26 1
E P S B ( 2 ) = 0 . 2 6 2
E P S ( I M X 1 > = 1 . • 2 6 3
E P S B ( I M X 1 ) = 0 •  2 6 4
A ( I ) =  - D N F l * E P S B ( I ) * 0 . 5 * C A K - G A M l * a * P D B B / X B B B ) / X D B B  2 6 5
B < I ) =  D N F l * E P S B ( I ) * 0 . 5 * ( A K - G A M l * a * P D B B / X D B B ) / X D B B  2 6 6
X + B N F 1 # E P S B < I > * 0 . 5 * ( A K - G A M 1 * G * P D B / X D B > / X B B  2 6 7
X - D N F 1 * ( 1 . - E P S ( I ) ) * 0 . 5 * ( A K - G A M 1 * G * P D B / X D B ) / X D B  2 6 3
X - B N F 1 * T D C 0 E  2 6 9
C ( I )  =  - D N F l * E P S B ( I ) * 0 . 5 * ( A N - G A M l * G * F D B / X n B ) / X D B  2 7 0
S + D N F 1 * C 1 . - E P S ( I ) ) * 0 . 5 * ( A K - G A M 1 * G * P D B / X D B ) / X D B  2 7 1
X f B N F l * < 1 . - E P S ( I ) ) * 0 . 5 * < A K - G A M 1 * U * P D F / X D F ) / X D F  2 7 2
X + B N F 1 # T D C 0 E  2 7 3
D ( I ) =  - D N F 1 * ( 1 - E P S ( I ) ) * 0 . 5 * ( A K - G A M 1 * G * P B F / X D F ) / X D F  2 7 4
E ( I ) = ( - E P S B ( I ) T A K # P D B B / X D B B  + E P S B ( I ) * A K * P D B / X D B  2 7 5
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8  - ( 1  . - E P S ( I )  ) * A K * P D B / X D B  + ( 1 . - E P S ( I ) ) * A K * P D F / X D F ) *DNF1 2 7 6
8  + 2 / ( R (  J + 1 ) - R ( J - 1 >  > * ( R (  J + l  >+R(  J )  ) / ( 2 * R (  J )  > / ( R (  J + l ) - R (  J )  ) *  2 7 7
8  ( P ( I f J + 1 ) - P ( I f J > )  . 2 7S
8  - 2 / < R < J + l ) - R ( J - l ) ) * ( R ( J ) + R < J - l ) > / ( 2 * R ( J ) ) / ( R ( J ) - R ( J - 1 ) > *  2 7 9
8  ( P ( I f J ) - P ( I f J - I ) )  2 8 0
8  +DNF1#TDC0E#PDB 2S1
1 2 1 1  CONTINUE 2 8 2
CALL QUASOL(Af B fC fD fE f I L O f I M X I )  2 8 3
00  12 2 1  I = I L 0 f IMX1 28A
P 1 « ( I f J ) = E ( I >  2 8 5
1 2 2 1  CONTINUE 2 8 6
1 3 0 0  CONTINUE 2 8 7
C R-SUEEP 2 8 8
DO 1 4 0 0  I = 2 f IMX1 2 8 9
J = 1  2 9 0
D N F 1 = 2 . / ( X ( I + 1 > - X ( I - l > > 291
R 0 = R ( 2 ) - 2 . / ( A R R B l * R ( l ) > 2 9 2
A ( J > = 0 .  2 9 3
B ( J ) =  0 . 5 * 2 / ( R ( 2 ) - R 0 ) * ( R ( 2 ) + R ( l > > / ( 2 # R ( 1 > > / ( R ( 2 ) - R ( 1 ) )  2 9 4
8  + TDC0E* DNF 1 2 9 5
C ( J ) =  - 0 . 5 * 2 / ( R ( 2 ) - R 0 > * ( R ( 2 > + R ( l ) ) / ( 2 * R ( l > ) / ( R ( 2 > - R ( l > )  2 9 6
D ( J  >= T D C 0 E * D N F 1 * ( P I M  ( I f 1 > - P I M ( 1 - 1 f 1> > + T D C 0 E * D N F 1 * P T ( 1 - 1 f 1> 2 9 7
8  - 0 . 5 * 2 / ( R ( 2 ) - R O ) * ( R ( 2 > + R ( 1 > > / ( 2 * R ( l > > / ( R ( 2 ) - R ( l ) > 2 9 8
8  * ( P ( I » 2 > - P ( I f 1 > >  2 9 9
8  - 0 . 5 * A R R B 1 # T O S S 2 ( I >  + 0 . 5 * A R R B 1 # T 0 S S 1 ( I ) 3 0 0
DO 1 3 9 8  J = 2 f JMX1 3 0 1
A ( J ) =  - 0 . 5 * 2 / ( R ( J + l ) - R ( J - l ) ) * ( R ( J ) + R ( J - l ) > / ( 2 * R ( J ) >  3 0 2
8  / ( R ( J ) - R ( J - l > )  3 0 3
B(J>*= 0 . 5 * 2 / ( R ( J + l ) - R ( J - l > > # ( R ( J > + R ( J - l > > / ( 2 * R ( J > >  3 0 4
8  / ( R ( J ) - R ( J - l ) )  3 0 5
8  + 0 . 5 * 2 / < R < J + l > - R ( J - l > > * ( R ( J + l > + R ( J > ) / ( 2 * R ( J ) ) 3 0 6
8 / ( R ( J + l ) - R ( J )  ) 3 0 7
8  +TD C0E *D NF 1 3 0 8
C ( J ) =  - 0 . 5 * 2 / ( R ( J + l ) - R ( J - l ) > * ( R ( J + l > + R ( J > > / ( 2 * R ( J ) >  * 3 0 9
8  / ( R ( J + 1 ) - R ( J > ) 3 1 0
D ( J )  =  T D C 0 E * D N F 1 * ( P I M ( I f J ) - P I M ( I - I f J ) > 31 1
8  + T D C 0 E * D N F 1 * P T ( I - 1 f J )  3 1 2
8  - 0 . 5 # 2 / ( R ( J + l ) - R ( J - l ) > # ( R ( J + 1 ) + R ( J > ) / ( 2 # R ( J ) ) 3 1 3
8  / ( R ( J + 1 ) - R ( J ) > * ( P ( I f J + 1 ) - P ( I , J > ) 3 1 4
8  + 0 . 5 # 2 / ( R ( J + l > - R ( J - l > ) * ( R ( J ) + R ( J - l ) > / ( 2 * R  < J ) ) 3 1 5
8  / ( R ( J > - R ( J - 1 ) ) * ( P ( I f J ) - P ( I f J - 1 > >  ' 3 1 6
1 3 9 8  CONTINUE 3 1 7
CALL T R I S O L ( A f B fC f D f I f J M X I )  3 1 8
DO 1 3 9 9  J = 1 . J M X 1  3 1 9
P T ( I f J ) = D ( J >  3 2 0
1 3 9 9  CONTINUE 321
1 4 0 0  CONTINUE 3 2 2
R 1 L N = AL 0 G ( R ( 1 )  > 3 2 3
MD=64 3 2 4
P XMD=PXF( MD) * ( P T ( MD + 1 r 1 ) - P T ( MD. 1 )  ) + P X B ( MD > *  3 2 5
8 ( P T ( M D f 1 ) - P T ( M D - 1 f 1 ) )  3 Z i
P T D M D = ( P T ( M D f 1 ) - P ( M D f 1 ) ) / D T  32-
G X ( MD  > = P X M D -  < X K * S S X T 2 < ’ MD ) + S 3 X X 2  ( M D )  > * R 1 L N  3 2 3
G T ( M D ) = P T t i M D - L X K * S 3 T T 2 ( M D ) + S 3 X T 2 < M D )  ) * R 1 L N  3 2 9
G ( M D ) = P T ( MD f 1 ) - ( X K * S S T 2 ( M D > f S 3 X 2 ( M D > ) * R 1 L N  3 3 0











CF1MD= - 2 . * T A U S Q * ( P X M D + X K * P T D M 0 )  331
C P B ( M D ) = - T A U S Q * ( < 2 . * S S X X 2 ( M D ) + 2 . * X K * S S X T 2 ( M D ) ) * A L 0 G ( TAUSG* 3 3 2
8  R R 2 ( MD > ) + 2 . *GX < MD) + < 2 . * X K * S S X T 2 ( MD) + 2 . * ( X K * * 2 >* S S T T 2 ( H D ) > *  3 3 3
8  A L 0 G ( T A U S Q * R R 2 ( M D ) ) + 2 . * X K * G T ( M D >+ 3 3 4
8  ( < X K * S S T 2 ( M D ) + S S X 2 ( M D > > / R R 2 ( M D > ) * * 2 )
W R I T E ( 6 f # )  MtMD fCPB ( MD) tP T ( MD f 1> f P ( MD f 1 ) fS S X2  < MD) fSS T2( MD > 3 5 o
W R I T E ( 6  f O  S S X X 2 ( MD ) f S S X T 2 ( MD) f S S T T 2 ( MD) f GX ( MD) f G T ( H D ) f R R 2 ( MD) 3 3 7
I F  ( MOD( M f 2 0 )  . E G .  0 )  GO TO 3 0 3  3 3 8
GO TO 3 0 4  3 3 9
CONTINUE 3 4 0
WRITE ( 6 . 9 1 0 )  ' 34 1
R 1 L N = A L 0 G ( R ( 1 ) )  3 4 2
DO 1 0 9  1 = 2 f IMX1  3 4 3
P X = P X F ( I ) * ( P T ( I + 1 f 1 ) —P T ( I . l ) ) + P X B ( I ) * ( P T ( I . l ) - P T ( I - l . l ) > 3 4 4
P T D = ( P T ( I f l ) - P ( I » l ) ) / D T  3 4 5
G X ( I ) = P X - ( X K * S S X T 2 ( I ) + S S X X 2 ( I ) ) * R 1 L N  3 4 6
G T ( I ) = P T D - ( X K * S S T T 2 ( I ) + S S X T 2 ( I ) ) * R 1 L N  3 4 7
G ( I ) = P T ( I » 1 ) - ( X K * S S T 2 ( I ) + S S X 2 ( I ) ) * R 1 L N  3 4 8
C P 1 = - 2 . * T A U S Q * ( P X + X K * P T D >  3 4 9
I F  <1 . L T .  10  . O R .  I  . G T .  I I )  GO TO 5 0  3 5 0
CPB( I ) =  - T A U S a * ( ( 2 . * S S X X 2 < I ) + 2 . * X K * S S X T 2 ( I > ) * A L O G ( T A U S Q *  3 5 1
8  R R 2 < I ) > + 2 . * G X < I > + < 2 . * X K * S S X T 2 C I ) + 2 . * < X K * * 2 > * S S T T 2 < I > > *  3 5 2
8  AL0G<TAUSQ<RR2< I > > + 2 . * X K # G T  <I  ) 3 5 3
8  + < < X K * S S T 2 < I ) + S S X 2 < I ) > / R R 2 < I > > # * 2 >  3 5 4
GO TO 1 0 9  3 5 5
C P B < I ) = C P 1  3 5 6
W R I T E < 6 f 92 0 >  I f X < I > f C P B C ) fG < I ) f G X < I ) fG T < I ) f P T ( I f I ) f C P I  3 5 7
F O R M A T < 2 4 X r l 8 H S 0 L U T I 0 N  OVER B0 D Y f 3 8 X .  3 5 8
1 1 5 H S 0 L U T I 0 N  ON R I N / / 3 X  f I H I f B X f I H X f 1 0 X f2 H C P f U X f I H G i 1 0 X .  3 5 9
2  2 H G X f 1 0 X f 2H GT f2 1 X f 1 H P f 1 0 X f3HCP1> 3 6 0
FORMAT < I 5 f 5 F 1 2 . 6 f 1 0 X f 2 F 1 2 . 6 )  3 6 1
CONTINUE 3 6 2
I F  <M . E Q .  M A X I T )  .GO TO 3 2 3  - 3 6 3
GO TO 3 2 4  3 6 4
CONTINUE 3 6 5
L = 0  . 3 6 6
DO 2 0 0  J = 1 f JMX 3 6 7
3 6 8
P X1 = PX F < 2 ) < < P T  < 3 f J ) - P T  < 2 . J ) ) + P X B < 2 ) # ( P T  < 2 f J ) - P T  < 1 f J ) > 3 6 9
MM=0 3 7 0
DO 1 8 0  1 = 3  f IMX1  • 3 7 1
P X 2 = P X F < I ) * < P T < I + 1 f J > - P T < I fJ ) ) + P X B < I ) * < P T < I f J ) - P T < I - 1 fJ ) ) 3 7 2
I F  <PX1 . G T .  SONVEL . A ND .  PX2 . G T .  SONVEL)  GO TO 1 8 0  3 7 3
I F  < P X l  . L T . ,  SONVEL .A ND .  PX2  . L T .  SONVEL)  GO TO 1 8 0  3 7 4
MM=MM+1 3 7 5
R AT I  0 = ( S 0 N V E L - P X 1 ) / <  P X 2 - P X 1 ) 3 7 6
X S O N I C ( MM) =X <I  —1)  + < X <I ) —X < I - 1 ) >  <RATI Q 3 7 7
L = L + 1 3 7 8
X P < L ) = X S O N I C ( M M )  3 7 9
Y P ( L ) = R ( J )  3 8 0
PX1 = PX 2  38 1
I F  (MM . E O .  0 )  GO TO 2 0 0  3 3 2
W R I T E ( 6  f 9 3 5 )  R ( J ) f ( X S O N I C ( N ) f N = 1 f M M ) 3 3 3
CONTINUE 3 8 4
LMAX=L 3 8 5
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P52
I F ( L M A X  . E Q .  0 )  GO TO 2 0 5  33 6  .
2 0 5  CONTINUE 3S7
9 3 5  FORMAT ( F 1 0 . 7 f 5 X f 1 0 F 1 0 . 7 )  38 8
3 2 4  CONTINUE 3 89
DO 1 4 1 0  1 = 1 f I MX 390
DO 1 4 0 5  J = 1 / JMX 391
F- < I  f J  > =PT < I  f J  > 39 2
1 4 0 5  CONTINUE 3 9 3
1 4 1 0  CONTINUE 3 9 4
9 9 9 9  CONTINUE 39 5
STOP 3 9 6
END 3 9 7
SUBROUTINE QUASOL ( A f B fC f D fE fN 1 fN 2 ) 3 9 8
DI ME NS ION  A ( 1 3 0 > f B ( 1 3 0 > f C < 1 3 0 > f D C 1 3 0 > fE < 1 3 0 ) fF ( 1 3 0 ) f GC130> 3 9 9
C N 2 I = 1 . / C ( N 2 )  40 0
F ( N 2 ) = B < N 2 > * C N 2 I  401
E < N 2 ) = E ( N 2 ) * C N 2 I  40 2
G < N 2 ) = A < N 2 ) * C N 2 I  40 3
N 2 M 1 = N 2 - 1  40 4
DO 10 J = N 1 f N2M1 4 0 5
L = N 2 M 1 - J + N 1  4 0 6
D N M I = 1 . / ( C ( L ) - F < L + 1 > * D ( L ) > 4 0 7
G < L ) = A C L ) * D N M I  4 0 8
F < L ) = < B ( L ) - D < L ) * G < L + 1 > ) * D N M I  4 0 9
E ( L ) = < E ( L ) - D < L > * E ( L + 1 > > * D N M I  - 4 10
10  CONTINUE 411
E < N 1 + 1 ) = E < N 1 + 1 > - F C N 1 + 1 ) * £ ( N 1 >  4 1 2
N l P 2 = N l + 2  4 1 3
. D O  2 0  J = N 1 P 2 f N2 41 4
E < J ) = E < J ) - F < J ) * E < J - l ) - G < J ) * E ( J - 2 >  4 1 5
2 0  CONTINUE 4 1 6
RETURN 4 1 7
END 4 1 8
SUBROUTINE T R I S O L  <Af B fC f D fN I f N2> 4 1 9
D I ME N SI O N A < 1 3 0 ) fB ( 1 3 0 ) f C ( 1 3 0 ) f D ( 1 3 0 )  4 2 0
DI ME NS ION  E ( 1 3 0 )  421
D N 0 M = 1 . / B ( N 1 >  4 2 2
E < N 1 ) = C < N 1 ) * D N 0 M  4 2 3
D C N 1 ) = D < N 1 ) * D N 0 M  42 4
NN 1= N1+ 1 4 2 5
DO 10  I = N N 1 f N2 42 6
D N 0 M = 1 . / < B < I ) - A < I ) * E < I - 1 ) >  4 2 7
E ( I ) = C ( I ) * D N O M  42 8
DC I>  = ( D < I > - A < I > * D ( I - 1 >  >*DNOM 42?
10 CONTINUE 430
N N 2 = N 2 - 1  431
DO 20  I 1 = N 1 fNN2 4 32
I = N N 2 + N 1 - I 1 133
D < I ) = D < I > - E ' I ) * D < I + 1 >  434
10 CONTINUE < J 3 5
RETURN 536
END 437
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SUBROUTINE STRAX 4 38
COMMON/BLANK/  P < 1 2 8 . 7 5 >  » D E X X ( 1 2 8 )  » E X B ( 1 2 8 )  , £ X F ( 1 2 B ) r  43 9
1 EXXBC1 2 3 )t E X X F ( 1 2 3 )  . H X B ( 1 2 8 >  t H X BB C1 2 8)  » HXXB( 1 2 8 )  f 4 40
2  HXXBB( 1 2 8 )  . F ' X B ( 1 2 8 )  . F ' X F ( 1 2 8 )  t R A D < 1 2 3 )  ,  S F R I M E ( 1 2 8 )  , 441
3  S X ( 1 2 8 )  f S X X ( 1 2 8 )  . X ( 1 3 0 >  , DRR( 7 5 )  f P 0 L B ( 7 5 >  , 442
4 R ( 7 7 )  r SUB( 7 5 )  .  S U P E R ( 7 5 )  , S ( 1 2 3 )  r NAME( 8 ) 44 3
444
LOGICAL FR EE AI R 44 5
COMMON / C O N S T /  B S , GAM1»A K . I O f 1 1 , I M X r I M X 1  > 44 6
1 JMX . J M X 1 . F R E E A I R  rRCHG 44 7
44 8
COMMON / Z M E S H /  ARRB1.ARRFMX. R I N . R M A T C H , ROUT. DXW< 1 2 3 > . RTK 44 9
450
COMMON / Z P R I N T /  CP SON. SONV EL, TA U. XMACH. WALL. C O . C l r C 2  451
45 2
COMMON / I N P V A L /  CVERGE. DVERGE. RS »WE. WH. X S »NMAX 4 5 3
454
4 5 5
CALL IN P UT  4 5 6
45 7
1 0  CONTINUE 4 58
TAUSQ = TAU* TAU 4 59
Q=XMACH** 2  4 60
AK = ( 1 • —Q ) / <  TAUSQ > 461
ABXK = A B S ( A K )  4 6 2
RTL = SQRTCABXK) 4 6 3
I F  (ABXK . L E .  1 . 0 )  GO TO 2 0  4 6 4
RMATCH = 1 . 0  /  RTK 4 6 5
R I N = 0 . 5 * T A U S Q * R C H G  4 6 6
ROUT = 3 0 .  *  RMATCH 4 6 7
GO TO 2 5  . 4 6 8
2 0  CONTINUE 46 9
R I N = 0 . 5 * T A U S Q * R C H G  47 0
RMATCH = 1 . 0  471
ROUT = 3 0 .  *  RMATCH 4 7 2
2 5  CONTINUE 4 7 3
I F  ( . N O T .  F R E E A I R )  ROUT = WALL 4 7 4
I F  (ROUT . L E .  RMATCH) STOP ' ROUT . L E .  RMATCH'  4 7 5
G A M 1 = 2 . 4  47 6
SONVEL = A K / ( G A / f l * 0 )  47 7  '
CPSON = - 2 . * S 0 N V E L * T A U S 0  4 7 8
3 0  CONTINUE 4 7 9
I M X 1 =  I M X - 1  4 8 0
J MX 1 =J MX - 1  481
4 8 2




GO TO 40  4 37
5 0  SF'RIME ( I ) =ARF(B1 #SX ( I  > 48 0
WRITE ( 6 . 1 1 1 0 )  489
CALL RELAX1 49 0
F I N A L  P R I N T .  F ' RINTT CALLS PLTOUT WHICH CALLS CPF'LOT. a ? t
49 2






1 0 0 5





W R I T E ( 6  f  9 0 0 )  XMACH f TAU r  AK f S O N V E L f CPSON
FORMAT<17H1 MACH I N F I N I T Y  • = f F 1 3 . 7 / 1 2 X f 5HTAU = f F 1 3 . 7 / 1 4 X f 3 HN  = f 
1 F 1 3 . 7 / 1 7 H  S ON IC  V E L OC I TY  = > F 1 3 . 7 / 8 X r 9 H C P S0 N I C  = f F 1 3 . 7 )
CALL F'RINTT  
CONTINUE
RETURN 
FORMAT < 21 4  >
FORMATC8F10 . 7 )
FORMAT( 5 1 4 )
FORMAT < 211>
FORMAT( 1 H 1 f I O X f 7HXMACH = f F 1 0 . 5 >
FORMAT ( 4H1 N r8 X f 5 H E R R 0 R f  6 X f 1 H I f  4X f 1HJ f  4X f  
END
I I X f 1 H D / / )
SUBROUTINE RELAX1
COMMON/BLANK/  P ( 1 2 8 f 7 5 >  f  D E X X ( 1 2 8 >  f EXB <1 28>  f E X F ( 1 2 8 ) f
1 E X X B ( 1 2 8 ) f E XX FC 1 2 8 )  f H X B ( 1 2 8 )  f HXBB<1 2 8 )  f HXXB< 1 2 8 )  f
2 H X X B B ( 1 2 8 ) f P X B< 1 28 >  f P X F ( 1 2 8 )  f R A D ( 1 2 8 )  f S P R I M E ( 1 2 8 ) f
J S X ( 1 2 8 ) f S X X < 1 2 8 )  f X ( 1 3 0 )  f D R R ( 7 5 )  f P 0 L D ( 7 5 >  f
4 R < 7 7 >  f S U B ( 7 5 >  f S U P E R ( 7 5 )  f S < 1 2 8 )  f NAME( 8 )
LOGICAL FR E EA I R
COMMON / C ON STA NT/  B S f G A M I f A K f I O f I I f I M X f I M X 1 f J M X f J M X 1 ,
I  F R E E A I R f RCHG
COMMON / Z M E S H /  ARRB1 f ARRFMXf R I N fRMATCHfROUTf D X U ( 1 2 8 ) f RTK
COMMON / Z P R I N T /  CPSONf SONVELf T A U f XMACHf WALL fCOf C l fC2  
COMMON / I N P V A L /  CVERGE f D VERGEf R S f WEf U H f X S f NMAX 
REAL QQ
DIMENSION
I L O  a 2 
J H I  = JMX1 
I F  (AK . G E .  
I LO = 3 
CONTINUE
DO 6 0 0  N = 1 f NMAX  
ERROR = 0 . 0
D I A G ( 7 5 )  >  P H I ( 7 5 )
MRELAX( 7 5 ) f B E TA ( 7 6 )
0 . 0 )  GO TO 1 0 0
R H S ( 7 5 )  
GAMMA( 7 6 )



















































I F  ( F R E E A I R )  GO TO 3 2 0  
DO 3 0 0  1 = 1 f I M X  
P ( I f J M X )  =  P ( I f J M X - I )  
C O N T I N U E
546
547




DO 4 1 5  J = l r J H I  5 4 3
P ( I M X » J )  =  P(  IMX1 i J )  5 4 9
P ( l r J >  = P ( 2 , J )  . 5 5 0
4 1 5  CONTINUE ' 551
3 2 0  CONTINUE 5 5 2
DO 5 5 0  I = I L O » I M X 1  5 5 3
DO 4 1 0  J = 1 fJ H I  5 5 4
P O L D ( J )  =  P ( I , J )  5 5 5
4 1 0  CONTINUE 5 5 6
I F  ( . N O T .  F R E E A I R )  GO TO 4 2 0  5 5 7
I F  (AK . G T .  0 . 0 )  GO TO 4 2 0  5 5 8
I F  ( I  . N E .  I M X 1 ) GO TO 4 2 0  5 5 9
DO 3 3 0  J = 1 »J H I  5 6 0
3 3 0  P ( I M X , J )  =  P ( I M X - 2  rj) 5 6 1
4 2 0  CONTINUE 5 6 2
5 6 3
C F I L L  TRIDIAGONAL MATRI X E N T R I E S .  5 6 4
5 6 5
DO 4 5 5  J = 1 tJ H I  5 6 6
P I F  =  P ( I + l r J )  5 6 7
P I  =  P ( I f J )  5 6 8
P I B  = P ( I - l f J )  5 6 9
RDF =  P I F - P I  5 7 0
PDB =  P I - P I B  5 7 1
MRELAX( J )  x  0  5 7 2
5 7 3
COMPUTE LOCAL V E L O CI T Y  AND TEST FOR SUBSONIC OR 5 7 4
SUPERSONIC FLOW. 5 7 5
QQ = X M A CH * * 2  5 7 6
PXE =  A K - E X F ( I ) * P D F * G Q  -  E X B ( I ) * P D B * G Q  5 7 7
I F  ( I  . E Q .  2 )  GO TO 4 3 2  5 7 8
PDBB = P ( I - I f J )  -  P ( I - 2 r J >  5 7 9
PXH =  AK -  H X B ( I )  *  PDB*QQ -  H X B B ( I )  *  PDBB*QQ 5 8 0
I F  (P X E  . L E .  0 . 0 )  GO TO 4 4 0  5 8 1
5 8 2
I  E L L I P T I C  D I F F E R E N C I N G .  5 8 3
5 8 4
4 3 0  CONTINUE 5 8 5
I F  (PXH . L E .  0 . 0 )  GO TO 4 3 5  5 8 6
4 3 2  CONTINUE 5 8 7
I  I F  ( I  . E Q .  I M X 1 )  GO TO 4 6 8  5 8 8
D I A G ( J )  =  PXE *  D E X X ( I )  + D R R ( J )  5 8 9
R H S( J >  =» P X E * ( E X X F ( I ) * P I F  +  E X X B ( I ) * P I B )  5 9 0
MRELAX( J )  = 1  - 5 9 1
GO TO 4 6 0  5 9 2
4 6 8  D I A G ( J )  = D R R ( J )  5 9 3
R H S ( J )  = 0 . 0  5 9 4
GO TO 4 6 0  5 9 5
5 9 6
:  SHOCK WAVE P O I N T .  5 9 7
5 9 3
4 3 5  C O N T I N U E  5 9 9
D I A G ( J )  = ( ( 1 . O - B X U ( I ) )  *  ( P X E K D E X X d ) ) -  D X U ( X )  *  PXH *  H X X D ( I ) )  6 0 0
1 *  2 . 0  + D R R ( J )  6 0 1
R H S ( J )  = ( ( 1 . 0 - D X U  ( I ) ) *  PXE *  ( E X X F ( I ) * P I F  P E X X D d )  *  P I D )  6 0 2
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1 -  B X U ( I )  *  PXH *  ( H X X B ( I )  *  P I K  + H X X B B ( I )  *  P D B B ) > * 2 . 0  6 0 3
GO TO 4 6 0  6 0 4
4 4 0  CONTINUE 6 0 5
6 0 6
C TEST FOR PARABOLIC P O I N T .  6 0 7
608
I F  (PXH . G E .  0 . 0 )  GO TO 4 5 0  6 0 9
610
C HYPERBOLIC D I F F E R E N C I N G .  611
612
4 4 5  D I A G ( J )  = - P X H * H X X B ( I ) + H R R ( J )  6 1 3
R H S ( J )  =  - P X H * ( H X X B < I > * F ' I B  + HXXBB( I ) * P D B B ) 6 1 4
GO TO 4 6 0  6 1 5
6 1 6
C PARABOLIC D I F F E R E N C I N G .  6 1 7
6 1 8
4 5 0  D I A G ( J )  = D R R ( J )  6 1 9
R H S ( J > =  0 .  6 2 0
4 6 0  CONTINUE 621
4 5 5  CONTINUE 6 2 2
6 2 3
C BODY BOUNDARY C O N D I T I O N .  6 2 4
6 2 5
R H S ( 1 )  =  RHS ( 1 )  -  S P R I M E ( I > ‘ . 6 2 6
C UPPER BOUNDARY C O N DI T I O N 6 2 7
R H S ( J M X l )  =  R H S ( J M X l )  -  S U P E R ( J M X l )  *  P ( I » J M X )  6 2 8
4 6 3  CONTINUE 6 2 9
6 3 0
C COMPUTE P H I  US ING T R I D I AGO NA L METHOD. 63 1
B E T A ( l )  = D I A G ( l )
GAMMA( 1 )  =  RHS<1 )  /  B E TA ( 1 )  6 3 4
DO 4 6 2  J = 2 j J H I  6 3 5
B E T A ( J )  = D I A G ( J )  -  S U 3 ( J >  *  S U P E R ( J - l )  /  B E T A ( J - l )  6 3 6
GAMMACJ) =  <RHS( J>  -  S U B ( J )  *  G AMM A< J- 1 ) >  /  B E T A ( J )  6 3 7
4 6 2  CONTINUE 6 3 8
P H I ( J H I )  = GA MM A( JH I )  6 3 9
LAST =  J H I  -  1 6 4 0
DO 4 6 4  J J = 1 » L A S T  641
J  = J H I  -  J J  6 4 2
P H I  ( J )  =  GAMMA(J)  -  SUPER ( J )  *  P H K J + l )  /  B E T A ( J )  6 4 3








6 5 2  
6 5 o  
6 5 4
C OVER RELAX E L L I P T I C  POI NT.  655
5 5
F ' ( I r J )  = UE *  0 + POLD( J)  657
DO 5 1 0  J = 1 » J H I  
Q = P H I ( J > -  P O LD ( J )
I F  (ERROR .GE.  A B S ( Q ) ) GO TO 4 7 0  
ERROR = ABS(O)
I S  = I  
J S  = J  
4 7 0  CONTINUE
I F  ( MRELAX( J ) , E 0 .  0 )  GO TO 5 0 8
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GO TO 5 10  658
5 0 8  C O N T I N U E  6 5 9
P ( I r J )  =  WH *  0  + P O L D ( J )  6 6 0
5 1 0  C O N T I N U E  6 6 1
5 5 0  C O N T I N U E  6 6 2
6 6 3
6 6 4
I F  <N . E Q .  N M A X > GO TO 5 6 8  6 6 5
I F  <MGD( N r 5  > . N E .  0 )  GO TO 5 0 2  6 6 6
5 6 8  C O N T I N U E  6 6 7
W R I T E  ( 6  r 1 1 2 0 )  N r  ERROR r  I S r  J S  6 6 8
6 6 9
5 8 2  C O N T I N U E  6 7 0
I F  ( E R RO R  . G T .  C VE R G E)  GO TO 5 8 5  6 7 1
I F  ( N  . G E .  5 )  GO TO 5 8 3  6 7 2
W R I T E  ( 6 f 1 1 2 0 > Nr  E R R O R r I S r  J S  6 7 3
5 8 3  C O N T I N U E  6 7 4
W R I T E  < 6 r l 2 1 0 )  6 7 5
GO TO 6 1 0  * 6 7 6
5 8 5  C O N T I N U E  6 7 7
I F  ( ER RO R  . L T .  D VE R G E)  GO TO 6 0 0  6 7 8
W R I T E  ( 6  r 1 2 2 0 )  6 7 9
GO TO 6 1 0  6 8 0
6 8 1
6 0 0  C O N T I N U E  6 8 2
6 8 3
6 1 0  C O N T I N U E  -  6 8 4
R ETURN 6 8 5
1 1 2 0  F O R M A T ( l X r I 4 r F 1 5 . 7 r 2 I 5 r F 1 5 . 7 >  6 8 6
1 2 1 0  F O R M A T ( 2 9 H 0  CONVERGED S O L U T I O N ----------------------- )  6 8 7
1 2 2 0  F O R M A T ( 4 9 H 0  S O L U T I O N  I S  D I V E R G I N G ,  C A L C U L A T I O N  S T O P P E D .  ) 6 8 8
END 6 8 9
6 9 0
6 9 1





C O M M O N / B L A N K /  P ( 1 2 8 r 7 5 >  r D E X X ( 1 2 8 >  r E X B ( 1 2 8 >  r E X F ( 1 2 8 ) r  6 9 7
1 E X X B ( 1 2 8 >  r E X X F ( 1 2 8 )  ,  H X B ( 1 2 8 >  ,  H X B B U 2 8 )  r H X X B ( 1 2 8 )  r 6 9 8
2  H X X B B ( 1 2 8 ) r P X B ( 1 2 8 )  r  P X F ( 1 2 8 >  ,  R A D ( 1 2 8 )  r S P R I M E ( 1 2 8 ) r  6 9 9
3  S X ( 1 2 8 >  r S X X ( 1 2 8 )  r X ( 1 3 0 >  r D R R ( 7 5 )  r P 0 L D ( 7 5 )  r 7 0 0
4 R ( 7 7 >  r S U B ( 7 5 ) r S U P E R ( 7 5 )  r S ( 1 2 8 )  r N A M E ( 8 )  7 0 1
7 0 2
L O G I C A L  F R E E A I R  7 0 3
COMMON / C O N S T /  B S r G A M 1 r A K r 1 0 r I 1 r I M X r I M X 1 r J M X r J M X 1 r  7 0 4
1 F R E E A I R r R C H G  - 7 0 5
7 0 6
7 0 7
COMMON / Z F R I N T /  C P S O N r S O N V E L r T A U r X M A C H r W A L L r C O r C l r C2 7 0 0
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713
NAMELIST / P A R A M /  XMACH . X S . R S » T A U . WE» UH.NMAX . I M X . J M X  .  71 4
1 CVERGE »D V ER G E . W A L L . C O . C l . C2 . RCHG.NEUNAME .NEUX 7 1 5
DATA N A ME / IO HP A RA B OL I C  . 10HARC . 10H r 1011 . 71.6
1 10H . 10H . 10H • 1 OH /  7 1 7
DATA X / - 2 1 . 5 6 3 3 2 . - 1 7 . 3 2 3 1 6 . - 1 3 . ? 4 0 0 3 . - 1 1 . 2 2 ? 5 2 . - 9 . 0 6 1 1 2 »  7 1 0
A - 7 . 3 2 6 3 9 * - 5 • 9 3 8 6 2 .  — 4 . G 2 8 3 9 . - 3 • 9 4 0 2 1 . - 3 . 2 2 9 6 7 . - 2 .  6 6 1 2 4 .  7 1 ?
B - 2 . 2 0 6 4 9 . - 1 . 8 4 2 6 9 . - 1 . 5 5 1 6 5 . - 1 . 3 1 8 8 2 . - 1 . 1 3 2 5 6 . - 0 . 9 8 3 5 5 .  7 2 0
C - 0 . 8 6 4 3 4 . - 0 . 7 6 8 9 7 . - 0 . 6 9 2 6 8 . - 0 . 6 3 1 6 4 . - 0 . 5 8 2 8 1 . - ' 1 . 5 4 3 7 5 .  721
D - 0 . 5 1 2 5 0 . - 0 . 4 8 7 5 . - 0 . 4 6 2 5 . - 0 . 4 3 7 5 . - 0 . 4 1 2 5 . - 0 . 3 8 7 5 . - 0 . 3 6 2 5 .  7 2 2
E - 0 . 3 3 7 5 . - 0 . 3 1 2 5 . - 0 . 2 8 7 5 . - 0 . 2 6 2 5 . - 0 . 2 3 7 5 . - 0 . 2 1 2 5 . - 0 . 1 8 7 5 .  7 2 3
F - 0 . 1 6 2 5 . - 0 . 1 3 7 5 . - 0 . 1 1 2 5 . - 0 . 0 3 7 5 . - 0 . 0 6 2 5 . - 0 . 0 3 7 5 . - 0 . 0 1 2 5 .  7 2 4
G . 0 1 2 5 . . 0 3 7 5 . . 0 6 2 5 . . 0 8 7 5 . . 1 1 2 5 . . 1 3 7 5 . . 1 6 2 5 . . 1 8 7 5 . . 2 1 2 5 . . 2 3 7 5 .  7 2 5
H . 2 6 2 5 . . 2 8 7 5 . . 3 1 2 5 . . 3 3 7 5 . , 3 6 2 5 . . 3 8 7 5 . . 4 1 2 5 . . 4 3 7 5 . . 4 6 2 5 . . 4 8 7 5 .  7 2 6
I . 5 1 2 5 . . 5 3 7 5 . . 5 6 2 5 . . 5 8 7 5 . . 6 1 2 5 . . 6 3 7 5 . . 6 6 2 5 . . 6 8 7 5 . . 7 1 2 5 . . 7 3 7 5 .  7 2 7
J . 7 6 2 5 . . 7 8 7 5 . . 8 1 2 5 . . 8 3 7 5 . . 8 6 2 5 . . 8 8 7 5 . . 9 1 2 5 . . 9 3 7 5 . . 9 6 2 5 . . 9 8 7 5 .  7 2 8
K l . 0 1 2 5 . 1 . 0 3 7 5 . 1 . 0 6 2 5 . 1 . 0 8 7 5 . 1 . 1 1 2 5 . 1 . 1 3 7 5 . 1 . 1 6 2 5 . 1 . 1 8 7 5 . 1 . 2 1 2 5 .  7 2 9
L I . 2 3 7 5 . 1 . 2 6 2 5 . 1 . 2 8 7 5 . 1 . 3 1 2 5 . 1 . 3 3 7 5 . 1 . 3 6 2 5 . 1 . 3 8 7 5 . 1 . 4 1 2 5 . 1 . 4 3 7 5 .  7 3 0
M l . 4 6 2 5 . 1 . 4 8 7 5 . 1 . 5 1 2 5 0 . 1 . 5 4 3 7 5 . 1 . 5 8 2 8 1 . 1 . 6 3 1 6 4 . 1 . 6 9 2 6 8 . 1 . 7 6 8 9 7 .  7 3 1
N l . 8 6 4 3 4 . 1 . 9 8 3 5 5 . 2 . 1 3 2 5 6 . 2 . 3 1 8 8 2 . 2 . 5 5 1 6 5 . 2 . 8 4 2 6 9 . 3 . 2 0 6 4 9 .  7 3 2
P 3 . 6 6 1 2 4 . 4 . 2 2 9 6 7 . 4 . 9 4 0 2 1 . 5 . 8 2 8 3 9 . 6 . 9 3 8 6 2 . 8 . 3 2 6 3 9 . 1 0 . 0 6 1 1 2 .  7 3 3



























DO 4 0  1 = 1 . I M X  7 6 2
DO 4 0  J = 1 . J MX  7 6 3
P ( I . J )  = 0 . 0  7 6 4
4 0  C O N T I N U E  7 6 5
7 6 6
DO 3 4 0  1 = 2 . I M X  7 6 7
X M A C H = 0 . 9 9  
.  X S = 1 .
R S = 0 .
T A U = . 1 
U E = 0 . 9 5  
U H = 1 . 0  
NMAX=200  
1 I M X = 1 2 8
J M X= 75
C V E R G E = 0 . 0 0 0 0 0 1  
DVERGE=1 0 0 0 0 0 0 .
U A L L = 9 9 9 .
C 0 = 0 .
C l  =  . 2  
C 2 = - . 2  
R C H G = . 7 5  
NEWNAME=0 
NEUX=0
READ ( 5 . P A R A M )
WRITE <6 . PARAM)
I F  < NEWNAME. E O. 1 > R EAD ( 5 . 1 0 0 0  > NAME 
GAM=1. 4
FR EE AI R = . F A L S E .
I F  (WALL . E Q .  9 9 9 . )  F RE EA IR  = . T R U E .
I F ( N EUX. E Q . 1 ) READ ( 5 . 1 0 0 1 )  ( X ( I ) . 1 = 1 . I M X )
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
220
I F  ( X . ( I - l )  . L T .  0 . 0  
I F  ( X ( I - l )  . L E .  1 . 0  
3 4 0  C O N T I N U E  
R ET U RN
1 0 0 0  FORMAT < 8 A 1 0  )
1 0 0 1  F O R M A T ( 8 F 1 0 . 7 )
END
S U B R O U T I N E  MESH
. A N D .  X ( I )  . G E .  0 . 0 )  1 0  =  I
. A N D .  X ( I )  . G T .  1 . 0 )  I I I  -  1
C A L C U L A T E S  R MESH AND C O E F F I C I E N T S  USED I N  THE D I F F E R E N C E  
E Q U A T I O N S  TO C A L C U L A T E  P ( J , I ) .
C O M M O N / B L A N K /
1 E X X B ( 1 2 8 ) t
2  H X X B B ( 1 2 8 ) r
3 S X < 1 2 8 ) .
4  R < 7 7 )  f
P < 1 2 8 r  7 5 )  t  D E X X C 1 2 8 )  ,  E X B C 1 2 8 )
E X X F ( 1 2 8 )  . H X B < 1 2 8 )  , H X B B ( 1 2 8 )
P X B (  1 2 8 )  . P X F  ( 1 2 8 )  . R A I K 1 2 8 )
S X X ( 1 2 8 )  . X ( 1 3 0 )  , D R R ( 7 5 )
S U B < 7 5 )  r S U P E R ( 7 5 )  ,  S ( 1 2 8 )  r N A M E ( 8 )
E X F ( 1 2 8 ) > 
H X X B ( 1 2 8 )  . 
S P R I M E ( 1 2 8 ) r 
P 0 L I K 7 5 )  f
L O G I C A L  F R E E A I R
COMMON / C O N S T A N T /  B S r G A M l , A K . 1 0 , I I , I M X » I M X 1 f J M X r J M X 1 ,
1 F R E E A I R f R C H G  
COMMON / Z M E S H /  A R R B 1 f A R R F M X » R I N f R M A T C H »R O U T » D X U < 1 2 8 ) . RTK  
COMMON / Z P R I N T /  C P S O N » S O N V E L » T A U r X M A C H » W A L L » C O r C l » C 2
1 0 0  R < 1 ) = R I N
I F  ( A K  . L T .  0 . 0 )  GO TO 1 4 0
M J = 2 * J M X / 3
P 0 W E R = 1 . / F L O A T ( M J - l )
F A CT O R  =  < R M A T C H / R I N ) * * P O U E R  
DO 1 3 0  J = 2 * M J  
1 3 0  R < J )  =  R < J - 1 ) # F A C T 0 R
D E L R  =■ < R O U T - R M A T C H ) / F L O A T ( J M X - M J >
L  »  M J + 1  
DO 1 3 5  J = L f JMX  
1 3 5  R < J ) = R ( J - l ) + D E L R  
GO TO 1 4 4  
' 1 4 0  C O N T I N U E
POWER =• 1 . 0  /  F L OAT <J M X - 1 )
F A C T O R  »  ( ROUT  /  R I N )  * *  POWER 
DO 1 4 2  J = 2 » J M X  
R ( J )  =  R ( J - l )  *  FACTOR  
1 4 2  C O N T I N U E
D E L R  =  R ( JMX > -  R ( J M X - 1 )
1 4 4  C O N T I N U E
W R I T E ( 6 . 1 0 0 0 )
DO 2 0 0  J = 1 f JMX 
R P H Y S = R < J ) / T A U  
W R I T E ( 6 » 1 0 1 0 ) J . R ( J ) f R P H Y S  
2 0 0  C O N T I N U E
1 0 0 0  F ORMAT < l H l f 9 X f l H J r t 4 X » 4 H R ( J ) r l 6 X r 6 H R  PHY S  » / )  
1 0 1 0  F O R M A T ( l X r I 1 0 . 2 ( 1 0 X f F l 0 . 6 ) )
R O = R (  D / F A C T O R  

































8 0 0  









8 1 0  
8 1 1  
8 1 2  
3 1 3  
8 1 4  
3 1 5  
8 1 6  
3 1 7  
8 1 3  
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Q Q = X ( I ) - X ( 1 - 1 )  3 2 3
I F ( I  . E Q . I M X ) GO TO 1 4 5  8 2 4
R R= X  ( 1 1 1 )  - X  < I ) gr> 5
RPO =  RR+QQ 8 2 6
P X F ( I )  = . 5  /  RR 3 9 7
E X F ( I )  = G A M 1 * P X F  ( I ) 8 ^ 8
P X B ( I )  = . 5  /  QQ 8 ^ 9
E X B ( I )  =  G A M 1 * P X B ( I )  8 3 0
E X X F ( I )  = 2 . / ( R P Q * R R >  g 3 1
E X X B ( I )  =  2 . / ( R P Q * Q Q )  3 3 0
D E X X ( I )  = E X X F ( I ) + E X X B ( I )  8 3 3
1 4 5  I F ( I  . E Q .  2 )  GO TO 1 5 0  8 3 4
PP = X ( 1 - 1 > - X ( 1 - 2 )  8 3 5
QPP =  QQ+ PP 8 3 6
H X B < I )  =  G A M i  *  . 5  /  QQ 8 3 7
H X B B C I )  =  GA M I  *  . 5  /  PP 8 3 8
D X U ( I > =  QPP /  ( Q P P  + QQ +  R R )  8 3 9
H X X B < I ) = 2 . / < Q P P * Q Q >  8 4 0
H X X B B ( I )  =  2 . / ( Q P P * P P >  8 4 1
1 5 0  C O N T I N U E  8 4 2
T =  R ( 2  > - R  <1>  8 4 3
S = R ( 1 ) - R 0  8 4 4
T P S  =  < T + S ) * R < 1 >  8 4 5
A R R F = ( R ( 1 ) + R < 2 > ) / ( T P S * T >  8 4 6
A R R B 1 = 2 . / T P S  8 4 7
D R R < 1 )  => A RR F  8 4 8
S U B ( 1 )  =» 0 . 0  8 4 9
S U P E R ( 1 )  =  - A R R F  8 5 0
DO 1 6 0  J = 2 » J M X 1  8 5 1
T  =  R ( J + l > - R ( J )  8 5 2
S  =  R ( J ) - R ( J - 1 )  8 5 3
T P S  =  ( T + S ) * R ( J >  8 5 4
A RRF =  ( R ( J ) + R ( J + 1 ) ) / ( T P S * T )  8 5 5
ARRB =  ( R ( J ) + R ( J - 1 ) ) / ( T P S * S )  8 5 6
D R R ( J )  *  A RR F + A R RB  8 5 7
S U B ( J )  =  - A R R B  8 5 8
1 6 0  S U P E R ( J )  =  - A R R F  8 5 9
S =  R ( J M X )  -  R ( J M X 1 )  8 6 0
T =* S 8 6 1
R J P 1  =  R ( J M X )  +  DELR 8 6 2
ARRFMX =  ( R ( J M X )  +  R J P l )  /  ( R ( J M X ) * ( S + T > ) *  2 . 0  8 6 3
ARRB “ ( R J P l  + 2 • 0 # R ( J M X > + R ( J M X 1 ) ) /  ( R ( J M X ) * S * ( S + T ) ) 8 6 4
D R R ( J M X )  =  ARRB 8 6 5
S U B ( J M X )  =  - A R R B  8 6 6
S U P E R ( J M X )  = 0 . 0  8 6 7
R ET URN 8 6 0
END 8 6 ?
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8 7 0
S U B R O U T I N E  BODY 8 7 1
8 7 2
C O M M O N / B L A N K /  P ( 1 2 8 f 7 5 >  f D E X X ( 1 2 8 >  f E X B ( 1 2 3 >  f E X F ( 1 2 8 ) f 8 7 3
1 E X X B ( 1 2 8 ) f E X X F ( 1 2 8 )  f H X B ( 1 2 S )  f H X B 8 ( 1 2 8 >  • H X X B ( 1 2 S >  f 8 7 4
2  H X X B B ( 1 2 8 ) f P X B ( 1 2 8 >  f P X F ( 1 2 8 >  f R A D ( 1 2 B >  f S P R I M £ ( 1 2 0 ) f 3 7 5
3  S X ( 1 2 8  > f S X X ( 1 2 8 )  f X ( 1 3 0 )  f D R R ( 7 5 >  f P 0 L D ( 7 5 >  f 8 7 6
4  R ( 7 7 )  f SUB < 7 5 )  f S U P E R ( 7 5 )  f S C 1 2 8 )  f N A M E ( 8 ) 8 7 7
8 7 8
L O G I C A L  F R E E A I R 8 7 9
COMMON / C O N S T /  B S f G A M I f A K , 1 0 f I 1 f I M X f I H X 1 , J M X f J M X 1 f 8 8 0
1 F R E E A I R f RCHG 3 0 1
8 3 2
COMMON / Z P R I N T /  C P S O N f S O N U E L f T A U f X M A C H f M A L L f C O f C l f C2 3 8 3
COMMON / I N P V A L /  C V E R G E f D V E R G E f R S f U E f U H f X S fNMAX 8 8 4
8 3 5
8 3 6
U R I T E ( 6 f 1 0 0 0 > N A M E 8 8 7
1 0 0 0 F 0 R M A T ( 1 H 1 f 8 A 1 O f / ) 8 8 8
W R I T E ( 6  f 1 0 1 0  > 8 8 9
B S = 0 . 5 * R S * * 2 8 9 0
DO 1 0 0  1 = 1 f I M X 8 9 1
I F ( I  . G E .  I O ) G O  TO 3 0 8 9 2
Y = 0 . 8 9 3
R A D ( I > =  0 . 0 8 9 4
S ( I ) = 0 . 0 8 9 5
S X ( I )  =  0 . 0 8 9 6
S X X ( I )  =  0 . 0 8 9 7
GO TO 9 0 8 9 8
3 0 Z = X ( I > 8 9 9
I F ( Z  . G E . X S )  GO TO 8 0 9 0 0
Y = C 0 + C 1 * Z + C 2 * Z * Z 9 0 1
Y P = C 1 + 2 . * C 2 * Z 9 0 2
Y P P = 2 . * C 2 9 0 3
R A D ( I )  =  Y / T A U 9 0 4
RADX =  Y P / T A U 9 0 5
RADXX =  Y P P / T A U 9 0 6
S ( I )  =  0 . 5 * R A D ( I ) * # 2 9 0 7
S X ( I )  =  R A D ( I ) * R A D X 9 0 8
S X X ( I )  =  R A D ( I ) * R A D X X  +  < R A D X > * * 2 9 0 9
GO TO 9 0 9 1 0oC
D R A D ( I )  =  R S / T A U 9 1 1
Y = RS 9 1 2
S ( I )  =  BS 9 1 3
S X ( I )  =  0 . 0 9 1 4
S X X ( I >  = 0 . 0 9 1 5
9 0 W R I T E ( 6 . 1 0 1 5 )  X ( I ) f Y f R A D ( I ) f S ( I ) f S X ( I ) f S X X ( I ) 9 1 6
t o o C O N T I N U E 9 1 7
RETURN <518
1 0 1 0 F O R M A T ( 1 0 X f 1 H X f 1 4 X f 1 H Y f 1 4 X f 3 H R A D f 1 2 X f 1 H S f 1 3 X f 21 I S X f 1 3 X f 3 H S X X / > 9 1 9
1 0 1 5 F O R M A T ( 6 F 1 5 . 7 )
END 9 2 1
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S U B R O U T I N E  P R I N T T
C O M M O N / B L A N K / P ( 1 2 8  f 7 5 ) f  D E X X U 2 S )  f E X B ( 1 2 3 >  f E X F ( 1 2 8 ) f  
E X X B < 1 2 8  > f E X X F ( 1 2 8 )  .  HXBC123)  f HXBB<128>  f H X X B I 1 2 3 )
H X X B B < 1 2 8 ) t  P X B ( 1 2 3 )  
. . S X ( 1 2 8 ) f S X X ( 1 2 3 )
f  P X F < 123) f R A D ( 1 2 3 )  
f X ( 1 3 0 )  f D R R ( 7 5 )
R < 7 7 >  f S U B ( 7 5 )  f S U P E R t 7 5 )  .  3 ( 1 2 8 )  ,  N A M E ( 8 )
L O G I C A L  F R E E A I R
COMMON /CONST/ BS»GAMIfAK f10 f11rIMX.IMX1rJMXfJMX1f 
1 FREEAIRfRCHG
f S P R I M E ( 128 > f 
f P 0 L D C 7 5 )  f
9 2 3
9 2 4
9 2 5  
9 2 4  








COMMON / Z P R I N T /  C P S O N f S O N VE L  f TAU f XMACH f W A L L f C O f C l f C 2
D I M E N S I O N  X S O N I C < 1 0 ) f X P ( 1 2 8 ) f  Y P ( 1 2 8 ) f  C P B (1 3 0 ) f  G ( 1 3 0 ) f  
1 G X ( 1 3 0 )
R1LN = A L O G ( R ( 1 ) )
TAUSQ = T AU * T A U  
I C P B = I 1 - 1 0 + 1  
DO 1 00  1 = 2 f I M X 1 
PX = P X F ( I )  * ( P ( I + 1 f 1 )
G X ( I ) =  P X - S X X  ( I ) * R 1 L N
G (  I ) =  P ( I f l >  -  S X ( I >  *  R1LN
C P 1 = - 2 . * T A U S Q * P X
CP2 = C P I  *  S X ( I )
I F ( I  . L T .  1 0  . O R .  I  . G T .  I I )  GO TO 3 0
C P B ( I > = - T A U S Q * (2 . * S X X ( I ) * A L O G ( TAUSQ3RAD ( I ) )
1 + 2 . < G X < I ) + < S X ( I ) / R A D ( I ) > * * 2  )
GO TO 1 0 0  
5 0  C P B ( I > = C P I  
1 0 0  WRITE < 6 » 9 2 0 ) I » X ( I ) f C P B ( I ) f G ( I ) f G X ( I ) fP < I f 1 )
P ( I f 1 )  ) + PXB < I ) * < P ( I , 1 )  - P ( I - I f I )
f C P I f C P 2
L «  0
DO 2 0 0  J = 1 f JMX
PX1 = P X F ( 2 >  *  < P ( 3 f J )  -  P < 2 f J ) )
M=0
DO 1 8 0  I = 3 f I MX 1
PX2 = P X F ( I ) * < P C I  + 1 f J )  -  P ( I f J ) )  
I F < P X 1  . G T .  SONVEL . A N D .  PX2  . G T .
I F < P X 1  . L T .  SONVEL . A N D .  PX2  . L T .
M = M + l
R A T I O  *  ( SON VEL -  P X 1 ) / ( P X 2 - P X l ) 
X S O N I C ( M )  =  X ( I - 1 ) + ( X ( I ) - X ( I - 1 > > * R A T I O  
L = L  + 1 
XP < L ) = X S O N I C  < M)
Y P ( L )  = R ( J )
1 8 0  P X 1  = P X 2
I F ( M . E Q .  0 )  GO TO 2 0 0
U R I T E ( 4 f 9 3 5  ) R ( J ) f ( X S O N I C ( N ) . N = 1 f M)
2 0 0  C O N T I N U E  
L MAX = L
I F  * L MAX . E Q .  0 )  GO TO 2 0 5  
3 0 5  C O N T I N U E  
RETURN
‘’ 2 0  FORMAT ( 1 5  • 4 F 1 2  . 4 f 1 0 X  f 3 F 1 2  . 4 )
•725 FORMAT ( F 1 0 .  7 f 5 X f 1 0 F 1 0 . 7 )
1 0 2 0  F O R M A T ( 2 F 1 0 . 7 )
END
+ P X B < 2 )  *  < P ( 2 f J >
+  P X B ( I )  * < P ( I f J )  
S O N V E L )  GO TO 180  
S O N V E L )  GO TO 180
-  P ( 1 f J ) ) 
P ( I - I f J ) >
9 3 4






































9  7 0  
0 7 7
9 8 0
9 8 1  
9 0 2  
9 3 3
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